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1. Particle in a magnetic field - Landau levels (2 Points)

Consider a particle with charge ¢ in a homogeneous magnetic field B = Bé,. A convenient
choice for the vector potential A for this problem is the Landau gauge with A = Bxé,.

In the following we assume that the motion of the particle is restricted to the xy-plane, like
e.g. in a 2 dimensional electron gas. The Hamiltonian thus reads

H P- qA)2 = i(ﬁﬁ + (Py - qBa:)z). (1)
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Goal of this exercise is to find the eigenfunctions and -energies of this problem.

(a) [0,5 points] Use [H, P,] = 0 and the eigenfunctions of P, to find a separation of variables
form of the wave function ¥ (z,y).

(b) [1 point] Show that in this way the Schrodinger equation can be rewritten as the one of
1d harmonic oscillator.

(c) [0,5 points] Use the known solutions of the harmonic oscillator to retrieve the eigenen-
ergies and eigenfunctions of the Hamiltonian (1). Find the characteristic frequency w
of the problem.

2. Harmonic oscillator ( 2 points)

Using the creation and annihilation operators at and a, the Hamiltonian of an harmonic
oscillator can be written as

N 1
H=hw(aa+ 3). 2
(a'a + 2) (2)
We consider a system which at time ¢ = 0 is in the state
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[(0)) \/§(|O> +11)). 3)

Here [0) is the ground state and |1) the first excited state. The state evolves in time as
[(t)) = U(t) [1(0)), i.e. by applying the time evolution operator U(t) = exp(—iHt/h).

(a) [0,5 points] Compute the state |¢(¢)) for ¢ > 0.

(b) [L point] Compute (X)(t) = (¥(t)| X [(t)) with X = /52 (af + &), and (P)(t) =
(1) Py(t)) with P =i/ ™8 (af — ).

(c¢) [0,5 points] Compute the correlator (X ()X (0)). Hint: Use the Heisenberg picture.



3. Properties of the angular momentum operator (3 points)

The vector operator J with jz, jy and J. defines an angular momentum operator if the
following commutation relations apply:

[Jo, Jy) = ikd.,  [Jy,J.] =ihd,, and [J.,J,] = ikJ, (4)

In addition to the vector components of the angular momentum operator J, /y/= We often
make use of the following operators

P=J24 02402, Jp=do+id,, and Jo=J,—il, (5)

Use the given relations and definitions to show:

(a) [1 point] [J;,jd = hJy, [jz,j,] = —hJ_ und [jJr,j,] = 2hJ.. (6)
(b) [1 point]  [J%,J.] = [J2,J4] = [32,J_] = 0. (7)
(¢) [1 point]

Jod =T+ J2+ . =3 - JZ+hl,
R e o Y A N (8)
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4. Orbital angular momentum (3 points)

The orbital angular momentum operator is given by L= (f/z, ﬁy, ﬁz) =R x P.

In spherical coordinates

x=rsinfcos¢, y=rsinfsing, z=rcosf mit r=|r|=+22+y?+ 22

the gradient reads
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Voo = &g 0 55 T 8 rin o6 ®)

with
&, =sinfcospé, +sinfsingpé&, +cosfé,
&y = cosfcospé, +cosfsingé, —sinb e, (10)
&5 = —singé, +cosgé,.

(a) [1 point] Show, using the sperical coordinates, that the angular momentum operator can
be written as

A h ., 0 cos¢p O A h 0 sing 0 A h 0
erff an 7,[/1:7, an a7 sz:fi-
: z( sin 5 tan@@qb) y z(cowae tan 0 a¢) b i 0
(11)
(b) [1 point] Consider a particle in a state
Y(r) = (z+y+22)Ne /" (12)
with N, a € R. Using
. 9? 1 9 1 9
L? = 1= — — 1
(57 + 020047 | tand 56) (13)
show that ¢(r) is an eigenfunction of L2,
L2 (r) = U1+ 1)A*(x), (14)

and identify the value I.

(¢) [1 point] Write the wave function (12) as a superposition of appropriate spherical har-
monics. Which values can be measured for L,? What are the probabilities to find these
values?



