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Aufgabe 1. ( Punkte)

Losung Aufgabe 1.

1.

To show that (Ajp)t = (¢ AT it suffices to show that (A[¢))1]0) = (|AT|6) for all |§) € H. So, setting
A ) = |v) for convenience, then:

(A L)1 16) = (1)1 16) = (wIo) = (81))" = ((01416))" = (((IAT16))")" = (wIAT[6) = (A]4)) = (] AT

. Pick any |¢),|0) € H, then:

WIAI0) = ((014T9))" = (((@l(AD710))7) = @I(AD)]e) = (A7) = 4

. Pick any |¢),]0) € H, then:

(Wl(@A)T16) = ((Bladle)) = a* ((BA1))" = a* (|AT]9) = (b|a* AT]6) = (ad)f = o AT

. Pick any |¢),]0) € H, then:

WI(A+B)T|0) = ((01A+ Blw))" = ((01Aj) + (01Bly) )" = ((0
= (Y|AT10) + (4| B7|6] = (V| AT+ BT|6) = (A + )T A“rBT

. Pick any [¢),|0) € H. Set (9| A = (v| and B|¢) = |n). Then:

WI(AB)H6) = ((01ABl))" = ((win))" = (lv) = (B1¥)) (9| A)' = (4| BT AT16) = (AB)! = BIAT

Aufgabe 2. Eigenschaften der Spur (? Punkte)

Gegeben sei ein Hilbertraum # mit endlicher Dimension d, ein linearer Operator A, der auf H wirkt, und eine
orthonormale Basis {|¢,)} € H mit n =1,...,d. Wir kénnen die Spur von A in dieser orthogonalen Basis definieren

als

d
try[A] = (] Altpn) -
n=1



1. Zeigen Sie fiir beliebige Operatoren A, B, dass
try[AB] = try[BA].
Verwenden Sie dieses Ergebnis, um zu zeigen, dass
try[ABC] = try[CAB] = tr, [BCA).
Diese Eigenschaft ist die Invarianz der Spur unter zyklischen Vertauschungen. Wir kénnen die Produkte in der
Spur nicht beliebig permutieren, aber wir kénnen sie vom Ende and das Anfang der Spur verschieben.

2. Definieren Sie den Basiswechseloperator Ei = 22:1 [tr) (0] wobei {|1,)} und {|6,)} zwei orthonormale
Basen von H sind. Berechnen Sie dann das Inverse von EZ, und zeigen Sie, dass (Ez})_l = E’g’, d.h., dass
E‘ZEA’;/’ = 1. Welche Art Operator ist EAﬁj? Zeigen Sie schliefflich, dass dieser Operator tatsdchlich eine Ba-
sisinderung bewirkt, d.h. zeigen Sie, dass (;|Alty) = <9j|EA;bAEZ\9k>.

3. Gegeben seien wieder {|i,,)} und {|6,)} als orthonormale Basen von . Definieren Sie die Spur iiber die {|1,,)}-
Basis wie in der Einleitung und definieren sie die Spur iiber die {|6,,)}-Basis als trg[A] = 22:1 (0,|A6,,). Zeigen
Sie fiir einen beliebigen Operator /Al, dass . R

tI‘w [A] = tI‘g [A]
Die Spur ist also unabhéngig von der gewéhlten Orthonormalbasis. Wir verwenden die basisunabhéngige

Notation tr[A].

4. In der Vorlesung wurde die kanonische Kommutatorrelation [Z, p] = ih1 fiir Orts- und Impulsoperator eingefiihrt.
Benutzen Sie die Kommutatorrelation und die Eigenschaften der Spur, um zu zeigen, dass es nicht mdoglich
ist, Orts- und Impulsoperatoren zu definieren als Operatoren, die auf einen endlichdimensionalen Hilbertraum
wirken.

Losung Aufgabe 2

1. Zunichst demonstrieren wir, dass try[AB] = try[BAJ:
d d d
try[AB] = > (n|ABlibn) =Y > (| Alth) (Y| Bloy)  insert identity: 1 = Z i) (]
n=1 n=1m=1 m=1

&l

d d d
> (Wl Blton) @nl Althm) = Y (| BAth)  remove identity: 1="> " [thy) (tbn]
1m=1 m=1

= n=1

[BA

Il
rf:

Nun koénnen wir dieses Ergebnis benutzen, um die zyklische Eigenschaft der Spur zu beweisen:
try[ABC] = try[(AB)C] = try[C(AB)] = try[CAB]
try [ABC] = try[A(BC)] = try[(BC)A] = try[BCA).

2. Aus der Definition EZ = 22:1 [1hn) (0, folgt, dass EY = 22:1 160,,) (¢n|. Wir berechnen

d d d d d
EiE;b = Z Z |wn> <9n|97R> <"/}m| = Z Z dimn |¢n> <wm| = Z ‘¢n> <wn‘ =1

n=1m=1 n=1m=1 n=1
Damit haben wir gezeigt, dass Eg’ = (EA'z))*l. Aus der Definition erkennen wir, dass E‘g’ = (EZ)T Daraus folgt,
dass (EJ)t = (EJ)~! und damit ist Eg ein unitirer Operator.

Schliellich zeigen wir, dass der gegebene Operator tatsidchlich einen Basiswechsel herbeifiihrt. Dafiir berechnen
wir mithilfe der Orthonormalitit der Basis den Erwartungswert

d d
(O51E5 AEGI0:) = D (05160) (Vul Alm) (Bmlbr) = D Sjn (Yl Alm) S = (5] Al -
n,m=1 n,m=1



3. Mithilfe des Ergebnis der letzten Aufgabe zeigen wir, dass

d d
try[A Z (thn| Althy) = Z <0n\E;pAEA’3J|9n> change of basis
n=1 n=1
= trg| Ag’ AEAZ} from definition of try[]
= trg| AbeA’g’ A using cyclic property of the trace
= trg[14] operators are inverses of each other
= tro[A].

4. Here we start with the given commutation relation for the position and momentum operators, assume that
they can be defined on a finite dimensional Hilbert space, and then take the trace of the commutation relation.
Since we are assuming they can be defined in finite dimensions, their trace must also be a finite number. The
result will be a contradiction, and since the trace is independent of any basis we could choose, it is therefore
not possible to define & and p on a finite dimensional Hilbert space.

So, we being by assuming that the Hilbert space is d-dimensional. Now we take the trace of [Z,p] = ihl, first
the right hand side:

tr([#, pl) = tr[2p — pa]
= tr[Zp] — tr[pE] using linearity

= tr[#p] — tr[Zp] using the cyclic property
=0.

And now for the left hand side:
tr[ihl] = ihd since 1 is a d-by-d identity matrix in finite dimensions.
We therefore have 0 = ihd, which is a contradiction. The conclusion then is that it is not possible to define

these operators in a finite dimensional Hilbert space.

They can therefore only be defined in an infinite-dimensional Hilbert space; there the notion of trace-class
operators exists, which are operators with a well-defined finite trace. A necessary (but not sufficient) condition
for operators to be trace-class is that they are bounded. As it turns out Z and p are not bounded operators
and hence not trace-class, but that proof is more difficult.

Aufgabe 3. (? Punkte)
Losung Aufgabe 3.

Density matrices are important objects to describe a quantum system. While a state vector |1) can only account for
a quantum system in a pure state, a density matrix p allows us to describe quantum systems in mixed states as well.

1. Prove that the expectation value of an observable A obeys (4| A|i) > 0 for any |¢) if and only if A has no
negative eigenvalues.
Hint: You can use the fact that the eigenbasis {|a,)} is complete, i.e., Y |an) (an| = 1.

Solution: . .
eigenvalue of operator A in its eigenbasis: Ala,) = ay, |a,)

(Wl Alp) =(v[1A1]g) = (¥| (Zmn an|> (Dam am|> ) = (Wlan) (an] Alam) (am|¥)

n,m

—Zam (Y)an) {anlam) {(am|t) = Zam| an|z/) >0 for a,, >0

n,m



2. Prove that p given by the expression
Z 3) (sl (1)

is indeed a density matrix. Here, p; € [0, 1] label the probability for state [¢);). That means, show that p is
positive semi-definite ({¢| 5|¢) > 0 for all |[¢)) and that Tr[p] = 1.

Solution:

positive semidefinite: expand general state in the basis states: |¢) = >, au [1)r)

Zal o (Vi) (v [vn) = Zaz agp;jor,j0k,j = Z o |*pj > 0

gkl 7.kl

trace:

n

= Wnlpln) = D i Wel [ )| [vr) = Zpg—l
k=1

k,j=1 k,j=1

3. Consider a Hermitian operator At = fl, ie., A is an observable. Prove for the decomposition Eq. [1| that
Tr (pA) =Y ps (sl Alwy) (2)
j=1

i.e., that the expectation value of A in state p is the same as the expectation value with respect to p; of the
”pure state expectation values”.
Solution:

Tr(pA) =Y (rlpAlvn) =Y il [;)X5] Albr) =D pj ;] Alp;)
! j

k,j

4. Consider the special case n = 2 in Eq.[Il Show that the decomposition is not unique, i.e., find pairwise different
and normalized |11) , [12) ,|¢1) ,|P2) and probabilities p;,¢; € [0, 1] such that

ij |"/}j % qu|¢] ¢j . (3)

Solution:
here many solutions are possible, for example we could start from
1) =10}, [¥2) = [1), |¢1) = 01 [0) + a2 [1), [¢2) = B1|0) + B2 ]1)

A 1 0 0 0 0

Py = D1 (0 O) + D2 (O 1) = (%1 1 p1> )

s <|CY1|2 041042> " <|/81|2 ﬁ15§> _ <Q1|Oé1|2+(1—(h)|51|2 Q1a1a§+(1—ql)5155>
po = “\BB2 1822) T \@motoa + (1—q)Bif2 qlaal* + (11— q1)| )

normalization requires |a1]? + |aa|? = 1 and |31]? + |B2|? = 1, thus py = py from the conditions for the
off-diagonal elements we obtain
_ —BpB _ 105
Q= T o axy @2 = o A
(a1 — B153) (a3 — B15B3)
and thus

_ayo3|Bi)? — BB lan P _a103|B2]? — 1B |as)?

(aras — B153) b2 (aras — B153)




and they have to real and positive. Defining 8135 = |81 52/€?? and aiab = |ajaz|e?®™ we obtain

o= PR L L
(|041042|619 + |5152|) (|0¢1042|€w + |51ﬁ2|)
agaole?]Bi]? + |81 Boljou |2 avao|e®|Bof? + |81 B2 o2 ?
B (Jorcz|e?® + [B152]) 2= (Jorcz|e?® + [B152])

with = 6, — 05 — 7 which has to be zero to have real numbers. For a simple case we can assume |a; 9| = 1//2
and |B1] = 1/2, |82 = V/3/2 and 0, = 0 and 05 = 7. E.g., we could have

V3 2 2 (1+V3) 2 (3+V3)

(h:th:m p1 =

1) =10}, [vh2) = 1), [d1) = . (10) + 1)), [¢2) =

2+v3) T (243
(10) - v31).

S

2

we can test this

w=( )= m Gl 16l

ps =1 (% %)+q B o L (3B VB o2 g
— {1 2 G q = =
’ iz ~5 8 )T p B\ VEL - B2 L(vBedy))

4 4

&

. A state p is called pure if there is a vector |¢) such that p = |¢) (0. If no such a vector exists, it is called
mized and can be written as p = Z?:1 pj [¥;) (1;]. Prove that p is a pure state if and only if Tr (%) = 1.
Solution:

Tr | D pipw [)u5] o)l | =D p3 =1 (if pure),
J

j=1,k

and we have . p; =1, p; € [0,1], thus only p; = J;, is possible for all a € N



