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* Problem 1 x Hermite’s polynomials

The Hamiltonian of the simple harmonic oscillator (SHO) in the z-basis and its energy eigenvalues are given by

(- %aﬁ + m?‘*ﬂﬁ)wn(x) = Enn(2), En = heo(n+ %)

The eigenfunctions ¢, (z) are closely related to Hermite’s polynomials
Hy(2) = (-1)"e 0%, n>0

1. First, show that the function et F25t g g generating function of Hermite polynomials, i.e.
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(Hint: use the Taylor expansion of e~(=9%)
2. Using the above result, derive the following recursion relations for H,:

0,H,(2) =2nH,_1(z), n>1

and
Hp1(2) =22zHp(2) — 2nH,—1(2), n>1

Derive the following differential equation using Eqs. (4) and (5)
[02 — 220, + 2n]H,(2) =0
(Hint: Egs. (4) and (5) can be proven by differentiating Eq. (3) with respect to z or with respect to t)

3. Show the orthogonality of the Hermite polynomials,

/ dze*ZQHn(z)Hm(z) =0, forn#m

— 00

(Hint: manipulate Eq. (6) and integrate it over z)
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+x Problem 2 x Two-dimensional harmonic oscillator

We consider the two-dimensional harmonic oscillator with the Hamilton operator
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where &; and p; satisfy the commutation relations: [Z;,Z;] = [ps;, p;] = 0 and [&;, p;] = thd;; where 7, j=1,2.

(@1 + @3) (8)

1. Based on Heisenberg’s uncertainty relation, derive a lower bound of the ground state energy.

2. From the position and momentum operators Z;, p;, we define creation and annihilation operators dg and a; as

follows:
a; = ax; + i6p;, (9)
al = ai; —iBp; (10)
where o and 8 are real numbers.
Determine o and 3 so that:
[dzv dj] = 52]7 (11)
[ai, a;] = [af, 4] = 0 (12)

j=1
where Nl = &I&Z—.
3. Prove the following identities:
(N3, 45) = a0, (14)
[N, &3] = 4335, (15)
[Ni, ;] = (16)

4. Because [Nl, ]\72] = 0 we can find common eigenstates for Nl and Ng
N1|n1,n2> = nl\n17n2>, (17)
N2|n1,n2> = n2\n1, n2> (18)

Calculate the effect of aq, as, d{, d; on the state |nq1,ny) . To do this, calculate the eigenvalues of Nl and ]\72
from the respective states aq|ni,na) , aa|ni, na), d1|n1,n2> , d£|n1,n2>.

5. Now what are the eigenstates and eigenenergies of the two-dimensional harmonic oscillator? Why does ni,ne €
No have to apply? (Hint: you can use the result of part 1 of this assignment that the energy eigenvalues are
bounded from below)

Problem 3 Cauchy-Schwarz inequality

1. Derive the Cauchy-Schwarz inequality
v[?la]* > |v - uf? (19)

by using the fact that
(v—2u)? >0 (20)
and minimizing (v — Au)? with respect to A. Here v and u are real-valued vectors and A is a real number.
2. Can we extend the above result to the complex-valued vector case?

(v v)|(u* - w) > v -uf? (21)



