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* Problem 1 x Reflection and transmission for a Dirac delta potential

Consider a particle of mass m subject to the potential
Vi(z) = Voé(x) (1)
where Vj can be positive or negative.

1. Assume that the particle is coming from the left (z < 0) with a momentum #k, i.e., assume that (x) has

a e component as * — —oo, but does not have a e'** component as © — +o00. Find the energy and the
corresponding wavefunction ¢ (x).
2. Define the reflection coefficient as
R= lim M (2)
Z==0% | Jincoming
and the transmission coefficient as
T = lim jt.ransmitted ’ (3)
=00 | Jincoming
where j is the current (8, |¢)]* + 0,j = 0). Calculate them for the () of part 1. Check that R+ T = 1.
Next, let us put a wall a distance L in front of the Dirac delta well:
Voo(x), when x <L,
V() = (4)
00, when =z > L.

3. For this new potential, find the wavefunction ¢ (z) for a particle incoming from the left with momentum #k.

4. Explicitly calculate the reflection coefficient for the ¥ (x) of part 3. Discuss.



Solution 1

1. The energy is simply given by
h2k?

FE
2m

The wavefunction has the form
ik —ik
el T + re 1 ZL’7

ik
tel a:’

P(x)

{

where we have rescaled the solution so that the incoming e

is finite only when ¥ (x) is continuous:

ikx

14+7r=t.
Integrating
—h2
%1/1”(33) + Vo d(2)y(
from x = —e to +€ in the usual way gives

2

2m
2

Solving for 7, ¢ yields:

2. The current is in general given by

h
j(x) = Elmw*

-

For the ¥(x) of part 1, this gives
jtransmittcda

where

Jincoming =

jreﬂected = |7"

jtransmitted = |t I

Jincoming 1 Jreflected

for x < 0,
for x > 0,

has a unity prefactor. The kinetic energy density

z) = Ey(x)

() — (0] + Vow(0) = 0,

(%)% (2).

for x < 0,
for x > 0,
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o —hk
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Hence

1
R=|r|"= —.
o
mVO
1
T:|t\2:

This indeed satisfies R + T = 1, as it must.
. This time, the wavefunction has the form

e*r pre=tkr - for z < 0,

P(z) = ae'*® 4 be F for 0 < x < L,

0, for L < z.

The continuity conditions are
1+r=a+b,
ae*l + b7 =0,

and integrating the stationary Schrodinger equation around = gives:
2

—ik(a—b—1+r)+ Vo(a+b)=0.

2m
Solving for 7, a, b yields
Rk
1—(1+i i2kL
R ( + lmV())e
1—i n*k oi2kL 7
mVj
- 1
a=—e 2kp = . .
. 0 i
Ltisg (1 kL

. For the ¢(x) of part 3:

. o jincoming + Jreflected for z < 0,
j(@) =
0, for z > 0,

where
hk
Jincoming = —
m
. o —hk
Jreflected = ‘7’| .
m

Since there is no transmission now, we expect R = 1. Indeed, if we define
-1

2 I’
1—ihk

TO:

mVp
then
_ okpTo L+ rge R
= Tt
from which it is obvious that

R=|r]*=1.



* Problem 2 x Orbital angular momentum

In Hamiltonian mechanics, the Poisson bracket between two phase-space functions f(g;,p;) and g(g;, p;) is defined as

_\"0f 09 Of 0y

1. Calculate the Poisson bracket {L;, L;} between the orbital angular momentum operators L; = > ik €7k TPk
that is L = & X p. (Hint: use {f,gh} = {f,g}h + g{f, h}.)

2. Next, evaluate {L;, L*}, {L+, L.}, and {L,,L_}, where L* = L2 + L2 + L? and L+ = L, £iL,,.

3. If L, and L, are conserved quantities relative to some Hamiltonian H, show that L. must also be conserved.
(Hint: exploit a fundamental property of the Poisson bracket.)

According to the canonical quantization procedure, if f(x;, p;) is a function on phase space, then in quantum mechan-
ics it becomes the operator f = f(Z;,p;), with the Poisson brackets moreover mapping onto commutators according
to

[F.4] = ih{J.g}. (©)
Thus [Z;, p;] = ik {x/“-p\j} = ihd;;1 = ihd,;, for instance.
4. Use this to find [L;, L;], [Li, L?], [L+, L.], and [L, L_] from the previous parts of this problem.
5. If a state |¢) has
L2|¢) = ale), L:|6) = ple), (7)

what are the corresponding eigenvalues of |¢4) = Ly |¢) and |¢p_) = L_ |p)?

Solution 2
1. By using
{zi,pj} = 0y
and the linearity of the Poisson bracket (product differentiation rule), we find that

{Li, L} = €iav€jeal@aps, wepa}l = Y €iav€jcal{Taps, Tc}pa + ve{zaps, pa}]

abed abed
=Y €iavjcalal{Ps Te}Pa + {Ta, Te}Popa + Teal{Py, Pa} + Te{Ta, Pa}py)
abcd
=Y €iav€jeal—TaObcPd + Tebaaps] = Y €iav€jeb[Tape — Pae]
abed abe
= Z(éijéac - 5i06ja)[$apc - xcpa] = TiPj — TjPi = ZeijkLk-
abc k

2. By exploiting the product rule again we get
{Li, L7y = AL, L;L;} = Y Li{Li, Ly} +{Li, L}
J J
= Z LjeijkLk + EijkLij = Zeijk(Lij — Lij) = 0
jk jk
Moreover

{L+, L.} ={Ly, L.} £i{L,, L.} = —L, +iL, = +i(L, £iL,) = +iL,
{Ly, L} ={Ly,+iL,, Ly —iL,} =i{L,, Ly} — i{L,, L,} = —2iL..



3. The Jacobi identity states that

{5 9b. 0y +{{g. h}, FH+{{h, f1 9} =0

and applied to L, L,, H it gives the desired result:

%Lz ={L:,H} = {{La; Ly}, HY = —{{Ly, H}, Lo} — {{H, L}, Ly} = —{0, Lz} — {0, Ly} = 0.

4. By applying the prescription (6), one readily finds that

[[A/i, f/J] = lhz eijk:i/k,
k

One can prove this directly too. The algebraic manipulations are analogous to the classical ones since [/i, B C’} =
[A, B]C' + B[A, C].
5. Since L? commutes with L
L?|¢s) = DLy |¢) = L+ L7 |¢) = Lyar|¢) = aLs |¢) = a ).
On the other hand:

L.|¢s)=L.Ly|¢) =(LaL. +hls)|¢) = (Lap+hly)|) = (u+h)|ds).

Problem 3 Particle in a finite-depth well in 3 dimensions
Consider a particle described by the Hamiltonian
2 52 | a2
. +p; +
=B (R 4 g+ 5 - R ®)

where 7 = (z,y,2) are the Cartesian coordinates, p, = —ihd,, p, = —ihdy, and p, = —ihd. are the momentum
operators, and ©(x) is the Heaviside step function. V; > 0 is the potential well depth and R > 0 is its radial size.

1. Write the Hamiltonian as a differential operator in spherical coordiAnatesA(in the position representation).
Express the angular part in terms of the differential operator L? = L2 + L2 + L2, where L = # x p is the
angular momentum operator.

2. Next, assume that you are given a wavefunction Y (0, ¢) that depends on the spherical angles  and ¢ and that
is an eigenvector of the L? operator with an eigenvalue A > 0:

LY (0,¢) = h2X\Y (0, ¢). (9)

If a stationary state of energy E has the form ¥(r) = ¢¥(r,0,¢) = ¢(r)Y (0, ¢), how does the corresponding
radial stationary Schrédinger equation for (r) look like?

3. Now consider the special case when Y (6, ¢) = 1. What is the value of A? Solve the radial stationary Schrodinger
equation for this case and find all the bound states that do not depend on the spherical angles. If any
transcendental equations arise, formulate their solutions graphically.

4. Does a bounded state always exist? If not, how large does Vj have to be?



Solution 3
1. In the position representation

N h2
H = Q—W + VoO(7 — R).

On the other hand

L2 = (f X ﬁ) : (F X ﬁ) = Z Eiabeicdi'aﬁb-%cﬁd

iabed
= Y Ciav€icata(—ihdpe + Ecpp)Pa = Y (6acObd — Saadbe)Ea(—ihdbe + Eepp)pa
iabed abed
= Z ad — 30aa) (—ihiapa) + > FaaPrPo — EadvPabs

ab

= 21712 Zaba+ Y EalaPods — EadbPab
ab

where all the indices go over {1,2,3}. Now notice that ) &,p, = 7+ p = —ihr0, isolates the radial gradient.
Hence

L? = 2ih(—ihrd,) — h*r*V? — (—ihr)?0? = —h*r*V? + K2(2r0, + r?0?)
= —h2r?V2 + B2,
where 0, is an operator that acts on everything to the right. The final result is

. —h%1 9?
H=—=
2m 1"87’2 2m

L? + VoO(r — R).

Since we know the Laplace operator in spherical coordinates:

V) = L 9 <T26¢> + 1 6(81119%) + 1 8271/)

r2or or r2sin 6 96 00 r2sin?  0¢?
1 0? 1 oY 1 9%
Forr ")t Tangoe (bmoae> 2sin2g 92

if follows that

L RO [, o\ —R 8%
2 : b ik
L"= 51119(99( sin eao) T SinZ 0 962

acts only on the angular coordinates.

2. The stationary Schrodinger equation is

. —h21 02
Hy = _
v= 2m 7“87“2( ) 2m O - R)y
—h?1 02 .
- 2m ;ﬁ(rw ) 2mr?2 (PY) + 100 = R)p¥
—h%1 92 1 ~
= %;ﬁ( )Y + W(LZYW +VoO(r — R)pY
—h? 1 2 1
| om ror2 (re) DY O(r — R)p|Y = [Ey]Y,

so its radial part is

—h%1 9?

2m r Or?

1
(re) 5 Ao+ VoO(r — R)p = Fo.



3. Since Y (0, ¢) = 1 does not depend on the angles, whereas L? differentiates in the angles, it follows that A = 0.
So we want to solve
—h? 9?
%ﬁ[w(r)] + VoO(r — R)ro(r) = Ere(r).
The solutions of this equation are given by

ro(r) = Asin(kr) + Bcos(kr), forr <R,
o= Ce #(r=R) 4 Des(r=R) " for r > R,

where
K2 k2 v h2k2

=Vy — = F.
0 2m

2m

A finite D would result in a divergence at infinity and so is forbidden for bounded states, D = 0. A finite
B implies that () ~ r~! diverges for small r. Although this divergence is integrable in the sense that the
volume integral [ drr? lp(r)|? still converges so ¢ can still be normalized, this divergence would mean that
(r) is strongly discontinuous at 7 = 0 with an infinite kinetic energy. Hence B = 0 too. The bounded state
are thus given by

sin(kr), for r <R,

=A
relr) {sin(kR)e_"(r_R), for r > R.

©(r) also needs to be continuous at r = R (there is no Dirac delta potential there), which gives the condition:
kcos(kR) = —rsin(kR).

In terms of the dimensionless

R
Il
X
=

/;JEkR,

we thus have the transcendental set of equations

- 2 2
B+ R = 7777,;)}{ = V2,
7= —kcotk.

The first defines a circle and the second a curve which may or may not cross the circle. For instance:

v=1<r1/2 v=2.5> 712

]
T

Notice that changing the sign of k— —k only changes ¢(r) by an absolute sign. Without loss of generality, we
may thus consider k& > 0.



4. Kk must be positive for the solution to be bounded. On the other hand, k is necessarily smaller than v. The
function —k cot k becomes positive only for k > 7/2. Hence v has to be larger than 7/2 for a bounded state to
exist; see above. This corresponds to the condition

m2h2

Vo> ——.
07 8mR2



