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⋆ Problem 1 ⋆ Entanglement entropy of the 2-site Quantum Ising model in a transverse
field

Consider the Hamiltonian for two spin-1/2 particles:

Ĥ = −Jσ̂z
1 σ̂

z
2 − hσ̂x

1 − hσ̂x
2 (J, h ≥ 0) (1)

where σ̂x and σ̂z are Pauli matrices.
A convenient orthonormal basis of states which spans the full Hilbert space for this model consists of a direct

product of eigenstates of σ̂z denoted, for example,

|ϕ1⟩ = | ↑⟩1 ⊗ | ↑⟩2, |ϕ2⟩ = | ↓⟩1 ⊗ | ↓⟩2, |ϕ3⟩ = | ↑⟩1 ⊗ | ↓⟩2, |ϕ4⟩ = | ↓⟩1 ⊗ | ↑⟩2 (2)

where σ̂z
1,2| ↑⟩1,2 = | ↑⟩1,2 and σ̂z

1,2| ↓⟩1,2 = −| ↓⟩1,2. Note: you may use Wolfram Mathematica for this problem.

1. Find the matrix elements for this Hamiltonian, hαβ = ⟨ϕα|Ĥ|ϕβ⟩, with α, β = 1, 2, 3, 4.

2. Find the eigenstate and eigenvalue of the matrix h with the lowest eigenvalue. If one denotes this (normalized)

eigenstate as |Ψ⟩, you should be now able to express it as |Ψ⟩ =
∑4

α=1Aα|ϕα⟩ with known values of the
coefficients Aα.

3. We are interested in the entanglement entropy of the state |Ψ⟩ for a bipartition that divides sites 1 and 2. First
consider a density matrix of the full system simply given by |Ψ⟩,

ρ̂ = |Ψ⟩⟨Ψ| (3)

To calculate the entanglement entropy between the 2-sites we first need to find the reduced density matrix,
which we denote by ρ̂1, for this bipartition. Therefore, calculate

ρ̂1 = Tr2(ρ̂) (4)

where Tr2 denotes a trace over the Hilbert space of site 2, that is over the 2-states | ↑⟩2, | ↓⟩2. This gives the
reduced density matrix ρ̂1 for the subsystem consisting of site 1.

4. Re-express the density-matrix operator, ρ̂1 as a 2 × 2 matrix in the basis | ↑⟩1, | ↓⟩1, with matrix elements, for
example, ⟨↑1 |ρ̂1| ↑⟩1 and so on.
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5. Diagonalize your 2× 2 matrix representation of ρ̂1 to obtain its eigenvalues λi.

6. The von Neumann (bi-partite entanglement) entropy is defined as,

SvN
1 = −Tr1[ρ̂1 ln ρ̂1] = −

∑
i

λi lnλi (5)

Calculate SvN
1 as a function of h/J and make a sketch of SvN

1 versus h/J .

7. What is the value of SvN
1 as h

J → ∞? As h
J → 0? Explain the physics behind these two limits.

Solution 1

1. Using the fact that

σ̂x| ↑⟩ = | ↓⟩, σ̂x| ↓⟩ = | ↑⟩, σ̂z| ↑⟩ = | ↑⟩, σ̂z| ↓⟩ = −| ↓⟩ (6)

Ĥ|ϕ1⟩ = −J |ϕ1⟩ − h(|ϕ3⟩+ |ϕ4⟩), (7)

Ĥ|ϕ2⟩ = −J |ϕ2⟩ − h(|ϕ3⟩+ |ϕ4⟩), (8)

Ĥ|ϕ3⟩ = J |ϕ3⟩ − h(|ϕ2⟩+ |ϕ1⟩), (9)

Ĥ|ϕ4⟩ = J |ϕ4⟩ − h(|ϕ2⟩+ |ϕ1⟩) (10)

Therefore in a matrix representation

Ĥ =


−J 0 −h −h
0 −J −h −h
−h −h J 0
−h −h 0 J

 (11)

2. The eivenvalues and corresponding eigenstates are as follows:

E1 = −∆, |E1⟩ =
1√

2(∆− J)2 + 8h2

(
2h 2h ∆− J ∆− J

)T
, (12)

E2 = −J, |E2⟩ =
1√
2

(
−1 1 0 0

)T
, (13)

E3 = J, |E3⟩ =
1√
2

(
0 0 −1 1

)T
, (14)

E4 = ∆, |E4⟩ =
1√

2(∆ + J)2 + 8h2

(
−2h −2h J +∆ J +∆

)T
(15)

where ∆ =
√
J2 + 4h2

The ground state is |E1⟩ and

|Ψ⟩ = 1√
2(∆− J)2 + 8h2

(
2h(|ϕ1⟩+ |ϕ2⟩) + (∆− J)(|ϕ3⟩+ |ϕ4⟩)

)
. (16)

3. From Eq. (16),

ρ = |Ψ⟩⟨Ψ| = 1

2

1

(∆− J)2 + 4h2

(
4h2(|ϕ1⟩+ |ϕ2⟩)(⟨ϕ1|+ ⟨ϕ1|) + 2h(∆− J)(|ϕ1⟩+ |ϕ2⟩)(⟨ϕ3|+ ⟨ϕ4|)

+ 2h(∆− J)(|ϕ3⟩+ |ϕ4⟩)(⟨ϕ1|+ ⟨ϕ2|) + (∆− J)2(|ϕ3⟩+ |ϕ4⟩)(⟨ϕ3|+ ⟨ϕ4|)
)

(17)
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Using

Tr2(|ϕ1⟩⟨ϕ2) = Tr2(|ϕ1⟩⟨ϕ3|) = Tr2(|ϕ3⟩⟨ϕ4|) = Tr2(|ϕ2⟩⟨ϕ4|) = 0,

T r2(|ϕ1⟩⟨ϕ1|) = | ↑⟩1⟨↑ |1, T r2(|ϕ1⟩⟨ϕ4|) = | ↑⟩1⟨↓ |1, T r2(|ϕ3⟩⟨ϕ3|) = | ↑⟩1⟨↑ |1,
T r2(|ϕ2⟩⟨ϕ2|) = | ↓⟩1⟨↓ |1, T r2(|ϕ2⟩⟨ϕ3|) = | ↓⟩1⟨↑ |1, T r2(|ϕ4⟩⟨ϕ4|) = | ↓⟩1⟨↓ |1

and the fact that (Tr2(|ϕi⟩⟨ϕj |))† = Tr2(|ϕj⟩⟨ϕi|), we can obtain

Tr2(ρ) =
1

2

1

(∆− J)2 + 4h2

[(
4h2 + (∆− J)2

)(
| ↑⟩1⟨↑ |1 + | ↓⟩1⟨↓ |1

)
+ 4h(∆− J)

(
| ↑⟩1⟨↓ |1 + | ↓⟩1⟨↑ |1

)]
(18)

4. In a matrix representation,

Tr2(ρ) =
1

2

1

(∆− J)2 + 4h2

(
4h2 + (∆− J)2 4h(∆− J)

4h(∆− J) 4h2 + (∆− J)2

)
(19)

5. The eigenvalues and eigenstates of Tr2(ρ) are

λ1 =
1

2

(2h− J +∆)2

4h2 + (J −∆)2
, |λ1⟩ =

1√
2

(
1
1

)
, (20)

λ2 =
1

2

(2h+ J −∆)2

4h2 + (J −∆)2
, |λ2⟩ =

1√
2

(
1
−1

)
. (21)

6. Using the eigenvalues, the von-Neumann entropy is given by

SvN
1 = −

∑
i

λi lnλi = −1

2

(2h− J +∆)2

4h2 + (J −∆)2
ln
(1
2

(2h− J +∆)2

4h2 + (J −∆)2

)
− 1

2

(2h+ J −∆)2

4h2 + (J −∆)2
ln

(1
2

(2h+ J −∆)2

4h2 + (J −∆)2

)
= − (2x− 1 + ∆̃)2

4x2 + (1− ∆̃)2
ln |2x− 1 + ∆̃| − (2x+ 1− ∆̃)2

4x2 + (1− ∆̃)2
ln |2x+ 1− ∆̃|

+ ln 2 + ln(4x2 + (1− ∆̃)2) (22)

where x = h/J and ∆̃ =
√
1 + 4x2.

Figure 1: SvN
1 as a function of h/J .

7. (i) h
J → 0 limit

∆̃(x) → 1 ⇒ SvN
1 → −2 ln 2x+ ln(2x2) + ln 2 = ln 2 (23)
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In this limit, the Hamiltonian can be approximated into

Ĥ ≈ −Jσ̂z
1 σ̂

z
2 (24)

and the corresponding ground state is singlet state which is maximally entangled state. Therefore the
entanglement entropy is given by ln 2.

(ii) h
J → ∞ limit

∆̃(x) → 2x⇒ SvN
1 → 2 ln 4x+ ln 8x2 + ln 2 = 0 (25)

In this limit, the Hamiltonian can be approximated into

Ĥ ≈ −h(σ̂x
1 + σ̂x

2 ) (26)

and the corresponding ground state is product state(| ↑⟩1 ⊗ | ↓⟩2). As a result, the entanglement entropy
is zero.

⋆ Problem 2 ⋆ Operator in Heisenberg picture

Consider a harmonic oscillator with the Hamiltonian

H = ℏω
(
â†â+

1

2

)
(27)

Where â† and â are the creation and annihilation operators respectively. In the Heisenberg picture, in contrast to
the Schrödinger picture, the states are time-independent, but the operators for them are time-dependent.

1. Use the Heisenberg equation of motion to calculate the time evolution of the operators â(t) and â†(t).

2. Calculate the time evolution of the operators x̂(t) and p̂(t).

3. Use the results of the previous parts of the task to calculate the commutators [x̂(t1), x̂(t2)] and [x̂(t1), p̂(t2)] of
the now time-dependent operators.

4. At time t = 0, the system is in the ground state |ψ(0)⟩ = |0⟩. Calculate the correlation function ⟨x̂(0)x̂(t)⟩.

Solution 2

The Heisenberg equation of motion for an operator Â(t) is

dÂ

dt
=
i

ℏ
[Ĥ, Â(t)] +

∂Â(t)

∂t
(28)

where the Ĥ is

Ĥ =
p̂2

2m
+
mω2x̂2

2
= ℏω

(
a†a+

1

2

)
. (29)

1. The equations of motion for a(t) and a†(t) are given by

da

dt
=
i

ℏ
[â, Ĥ] = iω[â, â†â] = −iωâ⇒ â(t) = e−iωta(0), (30)

da†

dt
=
i

ℏ
[â†, Ĥ] = iω[â†, â†â] = iωâ⇒ â†(t) = eiωta†(0), (31)

(32)
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2. x̂(t) and p̂(t) are obtained from the above result:

x̂(t) =

√
ℏ
mω

(â†(t) + â(t)) = x(0) cosωt+
p(0)

mω
sinωt, (33)

p̂(t) = i

√
mωℏ
2

(â†(t)− â(t)) = p(0) cosωt−mωx(0) sinωt. (34)

The operators satisfy the classical equations of motion.

The same results can be obtained by solving the system of equations

dx̂

dt
=
i

ℏ
[Ĥ, x̂(t)] =

p̂(t)

m
, (35)

dp̂

dt
=
i

ℏ
[Ĥ, p̂(t)] = −mω2x̂(t) (36)

3. Using the above results, we can obtain following values of commutators [x̂(t1), x̂(t2)] and [x̂(t1), p̂(t2)]:

[x̂(t1), x̂(t2)] =
1

mω
cosωt1 sinωt2[x̂(0), p̂(0)] +

1

mω
sinωt1 cosωt2[p̂(0), x̂(0)]

=
iℏ
mω

sinω(t2 − t1), (37)

[x̂(t1), p̂(t2)] = cosωt1 cosωt2[x̂(0), p̂(0)]− sinωt1 sinωt2[p̂(0), x̂(0)]

= iℏ cosω(t2 − t1) (38)

4. The system is in the ground state |ψ(0)⟩ = |0⟩ at t = 0. To calculate the correlation function we switch back
to the Heisenberg picture where x̂(0) = x̂.

⟨x̂(0)x̂(t)⟩ = ⟨0|x̂eiĤt/ℏx̂e−iĤt/ℏ|0⟩ = ℏ
2mω

⟨0|(â† + â)eiĤt/ℏ(â† + â)|0⟩e−iωt/2

=
ℏ

2mω
⟨1|eiℏHt/ℏ|1⟩e−iωt/2 =

ℏ
2mω

eiωt (39)

Problem 3 Spin in a time-dependent magnetic field

In the lecture, the Larmor precession of the electron spin in a static magnetic field in the z-direction B = Bẑ was
discussed. In the following, the behavior of the spin- 12 particle will be investigated when a periodic magnetic field is
additionally applied in the xy-plane.

Consider an electron spin in a time-dependent external magnetic field:

B(t) = B1 cosωtêx +B1 sinωtêy +B0êz (40)

1. Write the Hamiltonian of the system explicitly in matrix form.

2. Show that the problem can be transformed into the problem of an electron in a static magnetic field B̄ =
Bxêx +Bz êy by using a sutiable transformation:

ψ↑(t) = a(t)ψ̄↑(t), ψ↓(t) = b(t)ψ̄↓(t). (41)

3. Use the time evolution operator Û(t, 0) to calculate the time evolution of the state |ψ̄(t)⟩ of the electron spin
in the effective static magnetic field B̄.

4. At time t = 0 the particle is in the state |ψ(0)⟩ = | ↑⟩. Calculate the probability P↓(t) of finding the spin at
time t in the state | ↓⟩. For which frequency ω of the external field and after which time does the probability
become maximum?
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Solution 3

1. The Hamiltonian in the matrix representation is given by

Ĥ = µBσ ·B = µBB1

[
cosωt

(
0 1
1 0

)
+ sinωt

(
0 −i
i 0

)]
+ µBB0

(
1 0
0 −1

)
(42)

If we define the frequencies ω = 2µBB it can be written compactly as

Ĥ =
ℏ
2

(
ω0 ω1e

−iωt

ω1e
iωt −ω0

)
(43)

2. From the Schrödinger equation,

iℏ
∂

∂t

(
ψ↑
ψ↓

)
=

ℏ
2

(
ω0 ω1e

−iωt

ω1e
iωt −ω0

)(
ψ↑
ψ↓

)
(44)

we obtain the equations of motion for the components ψ↑(t) and ψ↓(t)

i
∂ψ↑(t)

∂t
=
ω0

2
ψ↑ +

ω1

2
e−iωtψ↓, (45)

i
∂ψ↓

∂t
=
ω1

2
eiωtψ↑ −

ω0

2
ψ↓ (46)

Now let us consider the following transformation:

ψ↑(t) = e−iωt/2ψ̄↑(t), ψ↓(t) = eiωt/2ψ̄↓(t) (47)

Then the equations of the motions in terms of the ψ̄↑,↓ are given by

i
∂ψ̄↑

∂t
= −ω − ω0

2
ψ↑ +

ω1

2
ψ↓, (48)

i
∂ψ̄↓

∂t
=
ω1

2
ψ↑ +

ω − ω0

2
ψ↓. (49)

We have now transformed the problem to a system with the effective Hamiltonian

ˆ̄H =
ℏ
2

(
−(ω − ω0) ω1

ω1 ω − ω0

)
(50)

This corresponds to an electron spin in the static magnetic field B̄ = (B1, 0,
∆ω
2µB

) with ∆ω = ω − ω0.

The transformation (47) can also be written in matrix form as follows:

|ψ⟩ = e−iωtσz/2|ψ̄⟩ (51)

It is nothing but a time-dependent rotation in spin space around the z-axis. We have switched to a rotating
reference system and follow the rotation of the magnetic field B1(t).

3. To determine the time evolution of the state |ψ̄(t)⟩, we apply the time evolution operator of ˆ̄H.

Ū(t, t′) = e−
i
ℏ (t−t′) ˆ̄H , (52)

|ψ̄(t)⟩ = e−
i
ℏ t ˆ̄H |ψ̄(0)⟩ = e−i(ω1σx/2−∆ωσz/2)t|ψ̄(0)⟩

Using the fact that

eiσ·n̂θ = cos θ + iσ · n̂ sin θ (53)

|ψ̄⟩ =
(
cos

Ω

2
− i

1

Ω
(ω1σx −∆ωσz) sin

Ωt

2

)
|ψ̄(0)⟩ (54)

where Ω =
√
ω2
1 +∆ω2.
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4. The amplitude for a spin flip from |ψ(0)⟩ = | ↑⟩ to |ψ(t)⟩ = | ↓⟩ is

⟨↓ |ψ(t)⟩ = ⟨↓ e−iωtσz/2|ψ̄(t)⟩ = eiωt/2⟨↓ |
(
cos

Ωt

2
− i

1

Ω
(ω1σx −∆ωσz) sin

Ωt

2

)
| ↑⟩

= −ieiωt/2ω1

Ω
sin

Ωt

2
, (55)

where we used |ψ̄(0)⟩ = |ψ(0)⟩ = | ↑⟩. We obtain the probability

P↓(t) = |⟨↓ |ψ(t)⟩|2 =
ω2
1

2Ω2
(1− cosΩt). (56)

The probability P↓(t) reaches the maximum value

ω2
1

Ω2
=

ω2
1

(ω − ω0)2 + ω2
1

(57)

after a π-pulse, t = π
Ω .

For a resonant magnetic field ω = ω0, this has the largest value with P↓(π/Ω) = 1, and the spin then changes
with certainty over time.
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