Moderne Theoretische Physik 11
Statistical Physics

Alexander Shnirman
Institute TKM, Karlsruhe Institute of Technology, Karlsruhe, Germany
(Dated: February 14, 2025)



Contents

I. Introduction

II. Thermodynamics

A.
B.

Definitions

Laws of thermodynamics
1. Zeroth law

2. First law

3. Second law

. Carnot Process
. Entropy

. Fundamental relation of thermodynamics

1. Euler equation

. Thermodynamic potentials

1. Internal Energy

2. Helmholtz free energy
3. Enthalpy

4. Gibbs free enthalpy
5. Grand potential

Response functions

. Thermodynamic stability
. Mixing entropy and Gibbs paradox

III. Foundations of statistical physics

A.
B.

= =0 A

Classical mechanics of N particles

Gibbs distribution

1. Justification of the normalisation factor Cy = (2rh) 3V

Liouville equation

Microcanonical ensemble, ergodic hypothesis

Entropy (classical)

Ideal classical gas (Maxwell-Boltzmann gas)

1. Entropy of M.-B. gas

© © © o« N o o o ot ot ot Ot

e e e e
> W NN =R, = O O

15
15
16
16
17
18
19
20
20



IV.

VI

2. Equations of state 21

3. Failure at T'=10 22
G. Mixed states, density matrix 22
H. Microcanonical ensemble (quantum) 24
I. Entropy (quantum) 24
1. Problem with entropy 24
J. Canonical ensemble 25
1. The physical meaning of 3 26
2. Free energy 27
3. Alternative derivation 27

4. Canonical ensemble: fluctuations of the energy. Equivalence of the canonical
and the microcanoincal ensembles. 28
K. Grand canonical ensemble 28
1. Alternative derivation 30

2. Grand canonical ensemble: fluctuations of the energy and number of

particles. Equivalence of the grand canonical, canonical and the

microcanonical ensembles. 31

L. Summary of three ensembles 31
Maxwell-Boltzmann gas 32
A. Canonical calculation 32
1. Validity of the Maxwell-Boltzmann approximation 33

B. Grand canonical calculation 34
. Quantum gases 35
1. Bosons 36

2. Fermions 37

3. Maxwell-Boltzmann 38
Ideal Fermi-Gas 39
A. General relations 39
B. T =0, Fermi energy 40
C. Degenerate Fermi gas, Sommerfeld expansion 42



1. Chemical potential p(T)
2. Entropy S(T') and heat capacitance Cy (T)

D. Pauli paramagnetism

VII. Ideal Bose-Gas
A. General relations
B. Bose-Einstein condensation
1. Non-relativistic bosons in 3D
2. Chemical potential for T' < T,, thermodynamic limit
C. Black body radiation
D. Planck formula

VIII. Thermodynamics of magnetic systems

A. Example: spin 1/2, Curie susceptibility

IX. Literature

44
45
46

48
48
49
o1
52
93
95

o6
o7

o8



I. INTRODUCTION

This course will consist of two parts:

1) The first, smaller part will be about axiomatic thermodynamics. This is a closed and
very sucsessful theory based on a few axioms (Laws of Thermodynamics).

2) The main part will be statistical physics, which provides the justification for the first
part.

II. THERMODYNAMICS
A. Definitions

The thermodynamic systems have a very large number of degrees of freedom. The typical
number is the Avogadro number N, ~ 6.023 x 10?3 particles per mole. Frequently one is
interested in the so called thermodynamic limit. In this limit the number of particles N — oo
and the volume V' — oo, but the density N/V remains constant.

The state of the system in thermodynamics is characterised by several macroscopic state
functions (or state variables). One distinguished extensive and intensive state functions.
The extensive ones are proportional to the number of particles o< N, the intensive ones
x N°.

Extensive: Volume V', number of particles N, internal energy U, entropy S o N.

Intensive: Pressure P, temperature 7', chemical potential p oc N°.

Equations of state describe equilibrum. They connect several state functions/variales.
Example: in an ideal monoatomic gas the following equations hold PV = NkgT, U =
%NkBT. Here kg ~ 1.38 x 10%J /K is the Boltzmann constant.

bu=£u,r 16=0f

B. Laws of thermodynamics
1. Zeroth law : +emp defnition

There exists an intensive state variable called "temperature”. Two systems at equilibrium

with each other have equal temperatures.



2. First law

Conservation of energy (Robert Mayer, 1814-1878)
dU = 6Q) — OW + udN . (1)

Here 0(Q) is the differential of heat flowing into the system. It is not a total differential,

therefore we use 9 and not d. That is heat is not a state function. Similarly §W is the

_ _ ¥ o protes! vorfoble /func. _
differential of work performed by the system. In case of gas expanding mechanically 0W =

PdV. Also work is not a state function. However, the inner energy U and the number of
particles N are state functions. We have also introduced the chemical potential p. This is
amount of energy needed to add one particle to the system provided no heat transfer and

no work performed.

3. Second law

There is no thermodynamic change of state, the only effect of which is that
(I) an amount of heat is removed from a heat reservoir and fully converted into work.

(Ii) an amount of heat is removed from a colder heat reservoir and transferred to a warmer

heat reservoir. = _ aQ M
D AS= - B esrive / 8>

b
C. Carnot Process

The following reversible cycle is performed:

1. The system is in thermal contact with the reservoir T,. In an isothermic process (e.g.
expansion of the gas), the heat Qs flows into the system.

2. The system is thermally insulated. During an adiabatic process (e.g. further expan-
sion) the temperature drops from 75 to 7;.

3. The system is in thermal contact with the reservoir 7. In an isothermic process (e.g.
compression of the gas), the heat () flows out of the system.

4. The system is thermally insulated. During an adiabatic process (e.g. further compres-
sion) the temperature rises from T; to Ts.

The first law tell us that the amount of work performed by the Carnot machine is given




AW = |Q2| — |@Q1] = Q2+ Q1 . (2)

The efficiency (energy conversion efficiency) is then given by

_ AW @]
=10 Tl )

Carnot theorem: for given temperatures Ty and 717 the efficiency of the Carnot machine

is maximal possible.

D. Entropy

For the Carnot process we get

Q| Q2
Tt =0 (4)

Reminder: the sign of the amount of heat ) depends on whether if flows into the system
(> 0) or out of the system (< 0). For the usual direction of the Carnot process (T, > T7,
heat is partially transformed into work) we have Q5 > 0 and ¢; < 0.

An arbitrary reversible cyclic process can be presented as a combination of many Carnot

7{%:0. (5)

Thus we can introduce a new state variable called entropy (this is the most important

processes, therefore

object in thermodynamics and statistical physics). It is usually denoted by S. The (total)
differential of the entropy (for a reversible process) is given by

_ %@

as
T

(6)

TEVErsS.

For irreversible processes

]f‘%Q«), (7)

as follows from Carnot theorem, i.e., in a machine which is not reversible % + %’ < 0. In

Fig. 1 the Carnot process is shown in the (S,T) coordinates.

7
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FIG. 1: Carnot process in (S,T") coordinates.
E. Fundamental relation of thermodynamics

We use 0Q) = T'dS (for reversible processes). Then the first law reads
dU = 6Q — PdV + pdN =TdS — PdV + pudN . (8)

We find for the differential of the entropy

1 P 7
dS—TdU—I—?dV—TdN. (9)

From this we observe that S should be considered a function of U, V, N i.e.

S = S(U,V,N) (10)

For the partial derivatives Eq. 9 gives

1_098 b_0s B__08 (11)
T OUlyn > T OVien ° T  ONluyv'

For irreversible processes d.S > %, ie., dS > %dU + % dV — % dN. Thus, for fixed U, V, N
the entropy is mazimal in equilibrium.

This should be understood as follows. Assume the entropy depends not only on U, V, N
but also on some other parameters (see, e.g., the discussion of the thermodynamic stability
in Section ITH). The equilibrium corresponds to maximisation of the entropy with respect
to these other parameters with fixed U, N, V. In equilibrium the other parameters will take

the optimal values, which depend on U, V, N. Thus, the equilibrium entropy is a function of

U,V,N only.



1. FEuler equation

Since the entropy is a function of extensive variables only and is also itself extensive we

have
S(AU,\V,AN) = AS(U,V,N) . (12)
This gives
d d A1 OS oS oS
a(/\S)—S—aS(/\U,)\V,/\N) = %U—l—WV—I—G—NN. (13)

Substituting (11) we get

|ST=U+PV —uN| (14)

F. Thermodynamic potentials

Thermodynamic potential is an extensive state function expressed via its natural (con-
trolled) variables. All other state functions can be found by differentiating the thermody-

namic potential with respect to the controlled variables.

1. Internal Energy

Internal energy is the first example of a thermodynamic potential. To understand which

variables are the natural (controlled) ones we use again
dU =TdS — PdV + pdN . (15)

We observe that the natural variables for U are S, V, N. That is we just invert the function

S(U,V,N) with respect to U and obtain

U=U(S,V,N) (16)

Then for the partial derivatives Eq. 15 gives

U p_ U oU

T 9Slvn :_WS,N ’ 'uzﬁ_NS,v’

For irreversible processes dU < T'dS — PdV + pudN. Thus, for fixed S,V, N the internal

T (17)

energy U is minimal.



Since dU is a total differential, we obtain the Maxwell relations. For example
o) _ o (U \ __op| 0 (0 -
OVisy oV \oSlvn)y  dSlvny S \oVisn/,

2. Helmholtz free energy

The internal energy is inconvenient since it depends on entropy, which is hardly con-
trollable. Thus one performs a Legendre transformation with respect to the pair S, T and

defines the free energy as

F=U-TS. (19)

With the help of the Euler equation we also obtain F = —PV + uN. Differentiating
F =U —TS we obtain

dF = —SdT — PdV + udN . (20)

Thus, the natural variables for the free energy are T, V, N:

F=F(T,V,N) (21)

All three variables can be controlled in experiment, therefore the free energy is very useful
as a thermodynamic potential. For the partial derivatives Eq. 20 gives

OF OF _OF

S = P = = — )
’  H ON |t,v

T T v TV (22)

For fixed T, V, N the free energy F' is minimal.

3. Enthalpy

Enthalpy is frequently used in chemistry because in chemical reactions the pressure and
not the volume is usually controlled. Enthalpy is obtained from the internal energy by a

Legendre transformation with respect to the pair P, V:
H=U+PV. (23)
Differentiating we obtain

dH = TdS + VdP + udN . (24)

10



Thus, the natural variables for the entalpy are S, P, N:

H = H(S, P,N) (25)

For the partial derivatives Eq. 24 gives

OH OH OH

=20 _ 27 _oty
oS lpn OPlsn ' H=aN A%

For fixed S, P, N the enthalpy H is minimal.

4. Gibbs free enthalpy 5 4650 + the hemial protess irn't  fovored
Aa<o > n n " i eerghally  faverade

The free enthalpy is even more important and used in chemistry. It is obtained from the
enthalpy exactly as free energy from the internal energy by a Legendre transformation with

respect to the pair S, 7"
G=H-TS=U+PV-TS=F+PV. (27)
Differentiating we obtain
dG = —=SdT + VdP + pdN . (28)

Thus, the natural variables for the free enthalpy are T, P, N:

G =G(T,P,N) (29)

For the partial derivatives Eq. 28 gives

oG oG oG
oS lpn OPlrn H=aN TV (30)
For fixed T, P, N the free enthalpy G is minimal.
5. Grand potential
Another very useful thermodynamic potential
Q:F—,UJN:U—TS—/,LN= (I)c innm& notation (31)
d$2 = —SdT — PdV — Ndu . (32)

11



Q=QT,V,p) (33)

For the partial derivatives Eq. 32 gives

o0 o0 o0
S oT vy Vit oulrv (34)

G. Response functions

Heat capacitance. The influx of heat into a system usually causes an increase of
temperature. The latter depends, of course, on whether the volume or the pressure is
controlled (fixed). This is because part of the heat can go to work. The heat capacitance C

is the proportionality coefficient in
0Q = CdT . (35)
Since, on the other hand 6Q) = T'dS we obtain

C,=T (g—‘;>m , (36)

where x can be either V or P.

For V' = const. one obtains

oF 0*F
S= Ty T VT <aT> - Y (37)

For P = const. one obtains @)
oG 9*G
5= - OT lpn - Cr=- (W) ‘P,N ’ (38)

An alternative way to calculate the heat capacitance is to say that for fixed V, N we have
0Q) = dU. Thus

ou

Cvzﬁ_Tv,N'

(39)

This, however, requires expressing the inner energy U in "unnatural coordinates” U (T, V, N).

ou
25 |y n

S =S(T,V,N). Finally U(T,V,N) = U(S(T,V,N),V,N). Frequently the inner energy is

For this one uses the relation T' = =T(S,V,N). Inverting with respect to S one gets

iven in "unnatural” coordinates, e.g., U = 3 NkgT for an ideal monoatomic gas.
) ) 2

Similarly

OH

Cp=— )
Par PN

(40)

12



H. Thermodynamic stability

FIG. 2: Two subsystems A and B isolated from the rest of the world and connected by a movable,

thermally conducting and permeable wall.

Consider two subsystems A and B isolated from the rest of the world and connected by
a movable, thermally conducting and permeable wall (Fig. 2). The total entropy is the sum
S =854(Ua,Va,Na)+ Sp(Up, Vg, Ng). Here we assumed that each subsystem is in its own
equilibrium, but the combined system not necessarily and the total entropy depends not

onlyon U =Uy +Ug, V=Vs+ Vg, N = N4+ Ng. Varying these parameters we obtain

0S4
dS =dS4+dSg = —
A+ aop o,

0S4
+ m
0S54

ON 4

0Sp
dU —
Va,Ny At 8UB

0Sp
d __
Ua;Na Vat aVB

0Sg
dN —
Ua,Va ATt a]VB

dUp

VBe,NB

dVp

Up,NB

N . (41)
Us,VB

+

Since U = Uy + Ug = const. we have dUs = —dUpg. In equilibrium the entropy must be

maximal, i.e. dS = 0. Therefore

0S4 0Sp 1 1

ol + = 17, = o= — Ta=Tp. 42

aUA VA7NA 8UB VBvNB TA TB A B ( )
Similarly from V' = V4 + Vg = const. follows

aSA 853 Py Py

8VA UA,NA aVB UB’NB TA TB A B ( )
Finally, since N = Ny + Np = const. we get

054 05k pa _ KB

~ ONg O = /B - 44
ONalusva ONplugvs T, Tg HA = IB (44)

The condition dS ensures only that the entropy has an extremum. To have a maximum

we should ensure that the "second differential” is negative. Varying the internal energies

13



(with Va,/p and Ny, p fixed) we obtain

1 025, 1 oT;
(2) :_E:_J N2 i 32
dm5 2iABaU3Q%m 272 au(ﬂﬁ) (4)

i=A,B

Thus, from d®S < 0 follows

ou
Cy = (8_T) x > 0. (46)

Since

02F
OV:—T(——) >0, (47)
8T2 V,N

we conclude that the free energy must be a convex functions, i.e., (92F/9T?)yn < 0.

I. Mixing entropy and Gibbs paradox

We postulate here the expression for the entropy of an ideal gas (this is exactly the task

of the statistical physics to provide such expressions):

MMVAU:N%+N@m<%<%)j. (48)

Here s( is some constant, f is the number of degrees of freedom per molecule, e.g., f = 3

for a mono-atomic gas. This expressions produces the well-known equations of state for an

25\
(@),..~
25\
(a0)...”

Consider now two containers with volumes V; and V5 filled with two distinct gases (Fig. 3).

ideal gas:

— PV =NkpT,

— Ung@T. (49)

Nl= Sl

Assume also the gases have the same temperature 7. If we remove the wall between the
containers both gases expand to volume V = Vj 4+ V5, but keep their internal energies in

accordance with U = % NEgT. The entropy change of each of the gases is then given by

7

Thus we obtain a positive entropy of mixing AS = AS; + AS; > 0.

14
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FIG. 3: Two gas containers with volumes V; and Vs.

Consider now identical gases in two containers. Assume also that before removing the

wall the density, the temperature and the pressure were the same. Namely

W _¥n_Vv UL _L_U (51)
Ny, Ny N Ny, Ny N
Here U = U; + Uy and N = N; + N,. Under these conditions removing the wall does not
change the state, thus the entropy should not change. On the other hand, if we consider
separately the gas particles that were initially in V7, an expansion took place and the entropy

should grow as before AS = AS; + ASy > 0. This is Gibbs paradox. Of course, the correct

answer is[AS = 0.| To explain one has to take into account that the particles are identical.

III. FOUNDATIONS OF STATISTICAL PHYSICS
A. Classical mechanics of N particles

The state of N particles is described by a point is a 6N dimensional phase space (3N

coordinates and 3N momenta):

X:(p7q):(pla"'ap3N7Q1>"'7QBN)' (52)

The dynamics is governed by the Hamilton function H(p, q). The equations of motion read

?j:—g—z 7 q'jzg—g~ (53)
Thus, the phase space velocity (p,q) is an unambiguous (single valued) function of the
position in the phase space (p,q). One obtains a velocity field in the phase space. This,
in particular, means that the trajectories in the phase space never cross (see Fig. 4). Cer-

tain restrictions are placed by the conservation laws. So, for the example, the energy is

15
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FIG. 4: Velocity field in the phase space.

conserved. Thus we might consider only the trajectories corresponding to a given energy
E,ie., H(p,q) = E. This would be still a 6N — 1 dimensional space. Sometimes other

quantities are also conserved, e.g., total momentum or total angular momentum.

B. Gibbs distribution

One considers an ensemble of equivalent systems characterised by the distribution func-
tion p(x,t). The physical meaning is as follows: one introduces an infinitesimal volume
element in the phase space dx. Then p(x, t)dz is the probability that the state of the system
is described by a point of the phase space inside of dz. Obviously, the distribution should
be normalised: [ dzp(x) = 1. If we have an observable quantity O(x) = O(g;, p;) the Gibbs

distribution allows calculating the expectation value of O:

CXﬂzi/dxMxJXXx). (54)

It is sometimes convenient to define dz with a normalisation factor
o> ¢x d¥p
1

dz = Cnyd*Nqd®*Vp | 9 (55)

— —  ewa % . G
so that dz and p(x,t) become dimensionless. Once we consider the classical ¢ase as a limit of

the quantum description, we observe (see below) that the natural choice is Cy = (2rh) 3V,

1. Justification of the normalisation factor Cy = (27h) 3N

Consider free quantum particles in a box with dimensions L., L,, L., volume V =

L,L,L,. The wave functions are plane waves
1

Up(r) = N [% pr} : (56)

16
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To take into account the finite size of the box it is convenient to assume the periodic boundary

conditions

Vp(r + Lye;) = p(r) (57)

and similarly for L, and L,. Then, the allowed momenta are given by

( )= 2rhn, 2mhn, 2mwhn,
pwapyapz - Lx ) L 9 Lz )

Y

(58)

where n,, n,, n, are integer numbers.

We count the quantum states of one particle (with some condition), introduce dp, =

2rh/L,, ... and transform to an integral Y for N pen rla
L,L,L, dzxdydzdp,dp,dp,
S = Gt [ dvudpydp. | [ TG (59)
T
N Ny Nz =) L,QJT‘V\)‘JU

C. Liouville equation

The aim is to derive an equation of motion for p(x,t), i.e., we want to calculate W.

The partial derivative means that we fix the point in the phase space x and follow the
evolution of the p in time. However we can think of our chosen point x as point reached at
time ¢ by a phase space trajectory x(t), i.e., x = x(t). At the initial time ¢, this trajectory
was at X9 = xX(tp). Obviously the probability density to be at x at time ¢ is equal to the
probability density to be at xq at time ty. More precisely we should equate the probabilities

p(x,t)dxy = p(xo, to)dxy, , (60)

and use the Liouville theorem stating that the volume element is conserved dz; = dx;,. Thus

we obtain

IO(X7 t) = p(X(t)7t) = IO(X07 tO) : (61)

We differentiate with respect to ¢ and obtain
d op(x,t)  dx =
—p(x(t),t) = 22 4 — £)=0. 2

Explicitly in coordinates we get
dp dg; Op dp; Op
o 2w oy, (63)

17



Using the Hamiltonian equations of motion we obtain

ap OH 0Op OH 9p
RN (69)
J

Op; 0q; dq; 8p]

Finally, this gives the Liouville equation
dp

={H, 65

= {H.p} | (65)

where {...} denote the Poisson brackets. In particular, it is now easy to show, that if

p(a,p) = p(H((q,p))), then dp/0t = 0.

D. Microcanonical ensemble, ergodic hypothesis

It is convenient to introduce the volume of the phase space corresponding to energies

”iutg 6)\}@

mm:/@ww—ﬂgn. 25 (66)

smaller than some chosen energy F:

We define the 6N — 1 dimensional "surface area” of this volume
dQUE e
mm:—il:/@ww—H@».M (67)
dE
Then ¥(E)dE is the "number of states” of the system with energies £ < H(x) < E + dE.
In the statistical physics one postulates the Gibbs distribution of a "microcanonical en-

semble” which describes an isolated physical system (a system with a given energy) in

equilibrium:
p(x) = ! for E<H(x)<E+dE
S(E)dE
p(x)=0 , otherwise (68)

That is one takes a small interval of energies and postulates that all "states” in this interval
have equal probabilities to be realised. This distribution is stationary in time, since it can
be presented as p(H (x)).

A expectation value of a physical observable O(x) in the microcanonical ensemble reads

~ 1
O = —/ dx O(x) . 69
v E(E)dE E<H(x)<E-+dE ( ) ( )

18
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Consider a trajectory in the phase space x(t), such that H(x(t)) = E. One can calculate
a time average of the observable O on this trajectory over long (infinite) time 7T
T
_ 1 .
Or=Jim 1 [ 0x(t) . Tewnsroy (70)
0 o
The ergodic hypothesis states:
Op =Or . (71)
E. Entropy (classical)
One defines (postulates) entropy to be
& — —k’B/dx p(x) In p(x) . (72)

It is an additive quantity. Namely, if we have two independent subsystems A and B, the
phase space is a direct product of two phase spaces © = (x4, xp). If the two are not correlated

the Gibbs distributions of the combined system is given by

p(x) = pa(za)pp(s) - (73)

Then

5 = —kB/dxAdepA(xA)pB(xB) npa(xs) +Inpg(zp)] =Sas+ Sk . (74)

For the microcanonical Gibbs distribution (68) we readily obtain
S =kgln[E(E)dE] . (75)

For large number of particles N one can approximately replace the volume of the energy

window dFE, i.e., X(F)dE by the volume of the whole sphere H(z) < E. Thus we use

ot = b(Sew) = hie) S =kpIn[S(E)dE] = kg In [QE)] . (76) Y

b microstetes 2 Grodd pot 27 Sphesitoh Nolume??

The justification for this approximation is as follows: at least for non-interacting particles
the volume Q(E) < E*N, where a is a number of order 1. For example for non-relativistic
particles with dispersion relation p?/2m one obtains a = 3/2 (see below). Then, X(FE) o
aNE*N=1 We thus have In[Q(E)] < aN In E, whereas In[¥(E)] « (aN — 1)In E + In(aN).
For N = 10 the leading term aN In F clearly dominates.

\ﬂ*“ 19
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F. Ideal classical gas (Maxwell-Boltzmann gas)
1.  Entropy of M.-B. gas
We consider N identical particles in volume V. The Hamilton function reads
N pg
H = - 7
> )

For the volume Q(F) in the phase space we obtain

Q) = /dm@(E ~ H(x)) = vN/ (Qf;’;N 6 <E -3 2‘%) | (78)

The integral corresponds to the volume of a 3N-dimensional sphere (in the p space) with

the radius of vV2mE. We use the well known mathematical formula for the volume of an

N-dimensional sphere with radius R

N
2z RN
Vn(R) = ——— , 79
N( ) F(%—l—l) ( )
which gives
1 E\?
QE) = VN n 80
(E) (X +1) (2@2) (80)

Here I'(...) is the Gamma-function defined as

I(z) = / Fletdr (81)

The important properties of these function are I'(1) = 0 and I'(z + 1) = 2I'(2), which means
I'(n) = (n — 1)! for n being a positive integer. We will also need the Stirling formula for

large N:
N! =~ 27V N (g)N : (82)
We will need only the logarithm of N!, which gives
InN!'~ NIn(N/e) + O(InN) . (83)
Clearly the last term can be omitted for N ~ 102,

20



Finally, we identify the inner energy with F, i.e., U = E. Calculating the entropy with

V e% mU
3rhN

Although this result would produce the correct equations of state, it is not satisfactory
because the function S(U,V, N) is not extensive, S(AU, AV, AN) # AS(U,V, N). We would

also not be able to solve the Gibbs paradox.

Eq. 80 we would get

(NI

S(U,V,N) = kg In [QE)] = kN In (84)

Instead we invoke our knowledge from the quantum mechanics about the identical parti-
cles. If the volume Q(E) should represent the number of quantum states, then for identical
particles it has to be divided by N! in order to take into account the permutations corre-

sponding to the same quantum state. Thus we define

3N

~ QE) VN 1 mE \ 2
UE) = NT T MTTEE L) (m?) ' (85)

For the entropy this gives

3
~ Vs mU \?2
S(U,V,N) = ks In [Q(E)] = kaNln | e (m) (86)
This function is extensive, i.e., S(AU, AV, AN) = A\S(U,V, N).
2. Equations of state
Using
1 0s
T oUlvn (87)
we obtain 1/T = kgN(3/2)(1/U). This gives
3
U= iNk;BT : (88)
Similarly, using
P 08
T oViuw (89)
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we get P/T = kgN(1/V). This gives

PV = NkgT . (90)
Finally, using
1 oS
2 __ZZ 91
T ON \u,v (91)
we obtain
3 3
V mU 2 V. (mkgT\?
= —kpTln | — =—kgTh | = | —= 92
pre N<37rh2N) BEH N(27rh2> (92)
The chemical potential is an intensive quantity, as it should be.
3. Failure atT =0
Substituting U = (3/2) NkgT into (86) we obtain
3
V s kaT 2
S =kgNIn|—e2 93
b nNez(Qﬂh2> (93)

We observe that for T — 0 we get S — —oo instead of zero. This is, of course, nonsense.

In particular, this contradicts the third law. Related is the fact that the heat capacity

oS oU
=T (a?)m - (a—T)V,N =gl 54

does not go to zero at T' = 0 as it should. We observe a failure of classical physics near

T =0.

G. Mixed states, density matrix

In quantum mechanics the Gibbs distribution is replaced by a mixed state. A general
mixed state can be presented as a set of states W, (not necessarily orthonormal) with the
probabilities W, for this state to be realised. Obviously > W, = 1. An average of an

observable is then given by

(0) =) Wa(¥a|O|¥,) (95)
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It is convenient to encode the mixed state using the so-called density matrix:
pP= WalTa) (W (96)
We can now use an orthonormal basis |j), such that (j|j") = d,,/, to expand

Wa) = cajli) (97)
J
This gives
p=> Wacocoil )G =D 1i)psi (il (98)
,5,5" 7,3’

where
P = Z Wac, o - (99)

We observe that p;; is a hermitian matrix. Indeed p; ;, = p}, ;. Thus, an orthonormal basis

|W,,), ie., (¥,| V) = d,,, can always be found, in which p is diagonal, i.e.,
p=> W,|T,) (T, . (100)
An expectation value of an observable O can be written as

(0) = ZWa<\I]a‘O’\pa> = ZWa<\I]a‘O’]><]“I}a> = Z<]|Wa’q]a><ma’0|3> = Tr(p0O) .

aj aj

(101)
A density matrix evolves in time in accordance with the von Neumann equation:
zhﬁ = [H, p] (102)

e time depedene
Indeed, if at t = 0 we h =>  Wal¥,) (¥,], th
ndeed, if a we have p = > W) (W, enwr ’ \ ’ W;— 3

p(t) = Wa [Ta(t)) (Ta(t) =) Wae:Ht/h U@ (v C@Eft/h >

(N

— ke : LT
i e 1Y >V (o] €(108)
Q

Differentiating with respect to ¢ we obtain (102). Generalisation to the case of a time-

— eszt/hpe

dependent Hamiltonian is straightforward.
In particular, if p is a function of the Hamiltonian p(H), then % p=0.
If the density matrix represents a pure state, i.e., p = |¥) (¥|, then p? = p. For a mixed

state p? # p and Tr[p?] < Tr[p].

23



H. Microcanonical ensemble (quantum)

The microcanonical density matrix is given by
p= W U) (T, . (104)

Here |U,,) are the eigenvectors of the Hamiltonian H |¥,,) = E,, |V, ). We choose an energy
interval [E, E 4+ dF] and count the number dN(F) of quantum states satisfying £ < E,, <
E 4+ dE. The probabilities IV, are then given by

1/dN(E) for E<E,<FE+dE
W, = (105)

0 otherwise

I. Entropy (quantum)

The quantum version of the entropy is defined as
S =—kgTr(plnp) . (106)

If the density matrix is diagonalised (in an orthonormal basis), i.e., p = > W, |V, )(,],
then

S = —kpTr(plnp) = kg » W,InW, . (107)

As in the classical case entropy is additive. For two independent systems A and B,

p = pa® pp. This means that the probability to be in state |U) [WE) is given by WAW25.
Then

S=—kg» WAWZ W +InW2] =S54+ S5 . (108)

n,m

For the microcanonical ensemble defined above (105) we readily obtain

S = kg ln[dN(E)] . (109)

1. Problem with entropy

One can show (exercise) that the Liouville equation in the classical limit or the von
Neumann equation in the quantum case lead directly to a conclusion that dS/dt = 0, i.e.,
the entropy of an isolated system is constant. Thus, an isolated system does not relax to

equilibrium. —>  Shek 0 Problem 2 (7)
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J. Canonical ensemble

Bath
<—Z| System
0Q

FIG. 5: System coupled to a thermal bath

We consider a system thermally coupled to a much bigger reservoir (thermal bath) (see
Fig. 5). Only the heat exchange is allowed between the system and the bath. We assume
the density matrix diagonal in the eigenbasis of the Hamiltonian, i.e., p = Y W, |U,)(¥,|
and H|V,) = E, |¥,). We demand the entropy to be maximal under the constraint of a

given internal energy U, which we identify with the average value of the energy
U= (E)=Ti(pH) =Y W.E, . (110)
We use the method of Lagrange multipliers

SL:—kBZWnann—)\<ZWn—1> —a(ZWnEn—U) (111)

and demand

E?VIS/Z =—kg(InW, +1)—A—aF, =0 (112)
This gives
_aBy
W, =const.-e *s . (113)

We rename « = kg and introduce a normalisation constant 1/7, which gives

1
Wy = e (114)

From the normalisation condition > W, = 1 we obtain Z = 5. e #F». The quantity Z
plays a central role is the statistical physics and is called partition function (German:

Zustandssumme).
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1.  The physical meaning of 3

We want to understand what is 5. Since the eigenenergies of the Hamiltonian depend on

the volume and the number of particles we can consider the partition function as a function

of B,V,N, i.e.,
Z(B,V,N) Z e PEn |
Analogously for the internal energy

U(B,V,N) = ZE e PEn

Finally, we get for the entropy

_BEn

S(BVN) = —kp Y WolnW, = —kp Y

= l{Ban—Fk’BBU .

We observe from Eqs. (115) and (116) a useful relation

0
———InZ.
U=—53M

[_ InZ — BEn]

(115)

(116)

(117)

(118)

We fix V and N and invert Eq. (116). Namely, Eq. (116) gives U(). We assume this
function to be invertible, which would give 5(U). Then Eq. (117) gives (V and N fixed)

S(U,V,N) = kg In Z(B(U)) + ksUB(U) .

From this and (118) we get (V and N fixed)

1 9S olnZ 08
7= (sz 5 +k:BU)%+kBB—kBB

Thus = 1/(kgT). The final form of the canonical density matrix is thus

1 E
W=+ _on Z = .
" ZeXp( kBT> ’ ZeXp( kBT>

In the matrix form the same reads

1 e a JZ =1r |e il
= exp|—7—r = xp | ——— || .
P=7 P\ ") P\ kT
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2. Free energy

Eq. (117) can be rewritten as
U-TS=F= kyTlnZ. (123)

Since Eq. (117) gives the partition function as function of 3, V, and N, ie., T, V, and N

we have
F(T,V,N)=—kgTInZ(T,V,N) . (124)

This relation allows, using (22), obtaining the thermodynamic state functions directly from

the partition function.

3. Alternative derivation

Alternatively to maximising the entropy under the condition of a fixed internal energy
U = Tr(pH), one can consider the combined system of the system and the thermal bath
being described by a micro canonical state with energy E. We split this energy into the
energy of the system E° and the energy of the bath EZ. More accurately, we consider the
product states |n®) |m®) of the combined system and associate the energy E, ,, = Es + EZ
with these states (neglecting the energy related to the interaction between the system and
the bath). Since the system is much smaller than the bath, we expect ES < EB. The
probability of the combined system to be in the state |n5 > }mB > is given by

1
W, = for E<BE,, <E+dE, 125
y IN(E) or < Epm<E+ (125)

and zero otherwise. Here dN(F) is the number of states of the combined system with
energies between F and E + dE. Next, we calculate the probability of the system to be in
the state ’ns>:
dNP(E - E,)
W, = Wom = ———— . 126
2 W = =N () (126)
Here dNB(FE) is the number of states of the bath with energies between E and E + dE.

Thus we obtain

kg W, = kg In [ANP(E — E,)] — kg [N (E)]
dSB(E)

_ @B _g_qgB o
=SB~ B,) ~ S = S"(B) - B, "5

FE,
— S = t— == 127
cons T (127)
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We have used the relation

05°(E))  _ 1 (128)

OF )V,N T

(The bath is microcanonical, £ = U). Thus T is the temperature of the bath enforced upon

the much smaller system. This again gives the canonical distribution
1 E
W, == S — . 7= . 129
7o (ar) 2T () (129

4. Canonical ensemble: fluctuations of the energy. FEquivalence of the canonical and the

microcanoincal ensembles.
We use again the relation
1 _BE
= D B P =— =——mnZ. (130)

Differentiating once again we obatin

%‘%%ﬂ% (2—2)2 (131)
This gives
g_g ; Ene PP +(E)? = —(E%) + (B)* . (132)
Finally,
(E) (B = (AEP =~ = nT* 5L = kaT*Cy (133

Since Cy o« N and U o< N we obtain f? X \/LN — 0. We see that in the thermodynamic
limit (N — oo) the relative fluctuations of energy vanish. Thus the canonical ensemble

should be equivalent to the microcanonical one.

K. Grand canonical ensemble

We consider a system coupled to a much bigger reservoir (thermal bath) (see Fig. 6).
The heat exchange and the particle exchange are allowed between the system and the bath.

We assume the density matrix diagonal in the eigenbasis of the Hamiltonian, ie., p =
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Bath

2
- System
6Q

FIG. 6: System coupled to a thermal bath, exchange of particles is allowed.

Yo Wa U, (¥, | and H|V,) = E, |¥,). Moreover, we assume that the number of particles
operator commutes with the Hamiltonian, []\7 , H] = 0. Thus, they have a mutual basis of
cigenstates. Therefore N |U,,) = N, |¥,,). We demand the entropy to be maximal under the

constraint of a given internal energy U,
U= (E)=Ti(pH) = Y W.E, , (134)
and a given average number of particles

N =(N)=Ti(pN) = Y W.N, . (135)

We use the method of Lagrange multipliers

Sp=—ks > W,InW, — A (ZWn—1> —a <ZWnEn—U> —7(ZWnNn—N> .

(136)
and demand
385[/1 = —kg(lnW, +1) =\ —aFE, —yN,, =0 (137)
This gives
W,, = const. - e (138)

We rename a = kg3, v = —kpfu (we anticipate p to be the chemical potential, but this is

not yet proven) and introduce a normalisation constant 1/Z¢, which gives
W, = —— e PEnmuln) (139)

From the normalisation condition Y W, =1 we obtain Zg = Y, e #E»=#Ne) The quan-

tity Zg is called grand canonical partition function.
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It is a straightforward exercise (very similar to the calculation provided above for the
canonical ensemble) to show that again kg3 = 1/T and p is indeed the chemical potential.
Moreover, it is possible to relate the grand canonical partition function Zg with the grand

canonical thermodynamic potential Q(T,V,u) = U — T'S — uN. Namely
Q= —k‘BT In ZG . (140)

Then, Egs. (34) provide the connection to the thermodynamics.

1. Alternative derivation

Alternatively to maximising the entropy under the condition of a fixed internal energy
U = Tr(pH) and fixed average number of particles N = Tr(pN), one can consider the
combined system of the system and the thermal bath being described by a micro canonical
state with energy E and number of particles N. We split this energy into the energy of the
system E° and the energy of the bath EZ. Similarly we split N into N° and NZ. More
accurately, we consider the product states |n5 > |mB> of the combined system and associate
the energy F, ., = E5 + EZ and the number N,,,,, = N + NP with these states (neglecting
the energy related to the interaction between the system and the bath). Since the system
is much smaller than the bath, we expect EY < EB and N2 <« NE. The probability of the

combined system to be in the state |n5 > |mB > is given by

Wom =

1
for E<E,, <FE+dE, 141
IN(E) or < Eym<E+ (141)

and zero otherwise. Here dN(FE) is the number of states of the combined system with
energies between F and F + dFE. Next, we calculate the probability of the system to be in
the state ’n5>:
dNP(E — E,,N — N,,)
W, = Wam = 4 . 142
S = D a2

Here dNB(E, N) is the number of states of the bath with energies between E and E + dE

and with N particles. Thus we obtain

ks ln W, = kgln [dN?(E — E,,N — N,,))] — kg [dN(E)]

0SP(E,N)  OSP(E,N)
_ gB _ _ _qg_gB _ ’ _ ’ —
= §%(E = B, N = Ny) = = S”(B) - B, =—— N S
E, uN,
= ——— ) 14
const - + T (143)
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We have used the relations

OSB(E,N) :l 0SB(E,N) B (144)
OF Nv T 7 ON EV T

(The bath is microcanonical, E = U.) Thus T is the temperature of the bath enforced upon
the much smaller system. Similarly, p is the chemical potential of the bath enforced upon
the system by the bath. This again gives the grand canonical distribution

W, = — S bl B bl 145

n

2. Grand canonical ensemble: fluctuations of the energy and number of particles. Equivalence

of the grand canonical, canonical and the microcanonical ensembles.

It is a straightforward exercise, very similar to the derivation provided for the canonical

ensemble to show that the fluctuations of the energy and of the number of particles in the

grand canonical ensemble can be estimated as % X \/LN — 0 and % X \/LN — 0. Thus, in

the thermodynamic limit all three ensembles are equivalent.

L. Summary of three ensembles

We summarise the thermodynamic potentials and their relation to the statistical physics
for the three ensembles:

Microcanonical

where Z); is the microcanonical partition function, which we define as
Zy=dN(E=U)= > 1. (147)
E<En,<E+dE

Note that Z,; was not introduced before. We introduce it here for similarity with the other
ensembles. We also take as a thermodynamic potential minus the entropy, which then is
minimal in equilibrium, similar to the other ensembles.

Canonical
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F(T,V,N)=—kgTlnZ. , (148)
where Zo = Z is the canonical partition function,

Zo =Y e, (149)

n

Grand canonical

AT, V,u) = —kgT1n Zg | (150)
where Z is the grand canonical partition function,

Zg =y e PEnnin) (151)
IV. MAXWELL-BOLTZMANN GAS

A. Canonical calculation

We consider again the Maxwell-Boltzmann gas with N particles in a box of size L,, L, L.

The Hamiltonian reads

N 2
H=Y D (152)
=1

2m

The partition function reads
1 BTN, B
Z — ﬁ Ze i=1 2m (153)
{p:}
The factor N! takes into account the fact that the particles are identical.
The periodic boundary conditions allow the following momenta

( ) 2mh 2mh 2mh
T yPz) = Ny, Ty, n,
Pz Dy, P L. L, v

We reduce the sum over micro-states {p;} (eigen state of H with N particles) to a sum

(154)

over one-particle-states:

N
1 N P2 1 2 1
_ _Bzizl zfn [ p— _6§m = — N
2= W D NI (Ze ) =3 (4 (185)

{p:} p
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Here Z; is the single particle partition function:

2 dp,dp,d 2 Vv
_ —pR- PzOPyaP, _gp°
= e 2mV/—e 2m = — (156)
Z (2mh)3 A3,
Here
2m7r onh?
— 1
T 27Th T kaT ( 57)

is the thermal de Broglie wavelength.

For the free energy we get

F(T,V,N)=—kgTInZ = —kgTNIn [Z\N""e] = —kgTNIn [Kf ;] (158)
T
Here we have used the Stirling formula
In N!'~ NIn(N/e) + O(InN) . (159)
Differentiating the free energy with respect to 7" we obtain
oF F 3 3
Similarly
oF NkgT
P=_-— = PV = NkgT 161
oV lr,n 1% B (161)
OF Vo1 V (mksT\?
KB 2
= — —kgT'1 =—kgThh | = | —= 162
W= oN |y — '8 H{J\Uﬁ} B HN(W#) (162)

The results are identical to those obtained using the microcanonical ensemble (Sec. IIIF 2).

1. Validity of the Maxwell-Boltzmann approximation

We calculate again the entropy:

OF F 3 Vel 3
5__8_TV7N_—T+§I<:BN kBNln{NAg}%— ke N (163)

We use the estimate

~a’, (164)



where a is the typical distance between the particles. We observe that for a < At one gets
S < 0. Thus we get a failure of the classical physics. The Maxwell-Blotzmann regime is
only valid if @ > Ar. Two important examples: 1) for hydrogen gas Hs,, at T'= 100K, one
obtains Ar ~ 14 < a (for typical densities). Thus, the Maxwell-Boltzmann approximation
is good for H,. 2) for electrons in a typical metal, at 7' = 100K, one gets A\r ~ 704 > a.

Maxwell-Boltzmann approach fails for electrons.

B. Grand canonical calculation
We calculate the grand canonical partition function
(T, V, ) Z ¢~ B(En—pNn) Z BN ZefﬁEj(N) — Z e'B“NZ(N) ) (165)
N j N
Using Z(N) = Z{ /N! we get
1
G(T,V,p) = ZF (e2)N = exp (e™Z,) . (166)
N
For the grand canonical potential we obtain

Q(T7 V7 N) = _kBT In ZG = —k:BTeﬂ“Zl —]{?BTBBM v

N (167)
The thermodynamic relations give
o0 V Q
N=——| =ér_=—-— Q= —NkpT . 168
oulrv ¢ A3, kgT - B (168)
0N 5Q uN 3 3
= =—==—-— =—=Q=—-kgTN . 1
S="orh, T 271 7 U=t T ke (169)
o1 Q
P=—— = —— PV = NEkgT . 1
v - v — \%4 ]{TB ( 70)

Note, that in the grand canonical case the chemical potential p is controlled and the
average number of particles can be obtained as a function of p, i.e. N = N(T,V,u), using
Eq. (168). Inverting this equation we clearly obtain (162). We observe again the equivalence

of the canonical and grand canonical ensembles.
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V. QUANTUM GASES

Our Maxwell-Boltzmann calculation, although looking quantum, was not correct. The
problem was counting the number of states properly. We have used the factor 1/N! to
account for identical particle, but that was too simple.

Consider once again the grand canonical partition function
Zg =Y "N Z(N). (171)
N

For the canonical partition function with N particles, Z(N) we have taken

N

1 _gs-N P} 1 _gp% 1

= oL (Do) <Ly o
{pi} P

Here

2
Zy=) e (173)

p

is a 1-particle partition function. We introduce a more general notation for 1-particle states.
Instead of p we will write A (later A will encode the spin in addition to the momentum).
The index A will run over all possible 1-particle states. Instead of % we will write €y, i.e.,

the energy of the 1-particle state A\. This gives

N

1 —_ N € 1 —pPEe 1

Z(N) = i Ze BEitien — =i (Ze m) = M(Zl)N , (174)
{Ni} A

where

Zy = Zeiﬁﬁ : (175)

A

Where is the mistake? The sets of l-particle states {\;} (i = 1,...,N) taken by N
particles can be of different nature. If all \; are different, i.e., the N particles occupy N
different 1-particle states, dividing by V! is correct. However, if at list 2 particles occupy the
same 1-particle state (assume they are bosons), we overestimate the number of permutations.
If the particles are fermions, the double occupations are not allowed at all. Thus, in both

cases our calculation fails.
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1. Bosons

The logic thus far was: say which particle (particle number i) occupies which 1-particle
state (\;) and then count permutations (divide by the number of permutations). New logic:
count only how many particles occupy a 1-particle state A and sum over all possible 1-
particle states A. In the new logic there are no permutations at all. We get for the canonical

partition function

ZIN)= ) efIama, (176)
{nx}
2oama=N
Here {n,} denotes a set of occupation numbers for each 1-particle state. In the canonical
ensemble this set is restricted to satisfy >, ny = N. This is not so simple to calculate due

to the constraint ), ny = N. It is much simpler to calculate the grand canonical partition

function

Za(p) = Z e BEamlex=n) (177)
{na}
where the set of occupation numbers {n,} is unrestricted.

Simple combinatorics gives

Zew =TI 3 e =T] 2. (178)

A nx=0
Here
Zy=3 et (179)
nx=0

is a partition function related to a particular 1-particle state A. This is not the same as the
above introduced Z;, which was a partition function for 1-particle occupying any possible
state.

Summing the geometric series we get

1

ZA - 1 — e Blex—w) -~

(180)

Note that the series converges only if €y > p. Thus, for bosons the chemical potential is not

arbitrary. Tt has to satisfy p < min(ey). In the simplest case €, = p?/2m we have p < 0.
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The probability that a 1-particle state A is occupied by n) particles is obviously given by

1
Wi(ny) = Z_efﬁm(q*u) (181)
A

For the average occupation of the state A this gives

- 1 & 1
_ _ —Bnx(ex—n) —
(na) = ZO Wi(na)na = 2 Zome MO = (182)
nx = ny =
The simplest way to prove this is to introduce x = (e, — p). Then
- —IN) 1
=) e =oro. (183)
nx=0
Then
1 & 1 02, 1
e I — T — . 184
() Z Zon)\e Z\ Ox e — 1 (184)
ny=
Thus we obtain the famous Bose function
<n>\> = nB(EA) ) (185)
where
_ 1

The condition p < € is again clearly seen. Indeed, it ensures that the average occupation

number is positive.

2. Fermions

For fermions the occupation numbers ny can only have two values: 0 and 1. Thus

Zep) = Z e~BEamale—n) (187)

{n/\:()vl}

This gives

Zaw) =[] >_ e =12 (188)
A

A n)\:O
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where

1

7\ = Z e~ Palex—n) —q + e Plex—n)

nx=0

For the average occupation of the state A\ this gives

ZWATL)\TL)\—ZAZTL)ﬁ Bralea=n) =

nx=0 nx=0

Thus we obtain the famous Fermi function

(nx) = nr(er)

where

1

nr(e)

Unlike for bosons, there is no restriction on the chemical potential .

3. Maxwell-Boltzmann

eblex—u) 4 1

efle=p) 41~

(189)

(190)

(191)

(192)

For comparison we provide here the average occupation number of a 1-particle state A in

the Maxwell-Boltzmann approximation. The grand canonical partition function in this case

reads

1
;F 5“Z1 = exp (eﬁ“Zl) ,

where

Thus we obtain

where

(193)

(194)

(195)

(196)



where x = (ey — u). As above

1 @Z)\ _aan/\

N TR

=e T =Pl (197)

All three distributions (Bose-Einstein, Fermi-Dirac, Maxwell-Boltzmann) are shown in
Fig. 7. They give approximately the same when (n,) < 1, i.e., for ey — pu > kgT (see
Fig. 7).

(n)
4

ﬂ
e S ; Ble-1)

FIG. 7: Average occupation number: Bose-Einstein (upper curve), Maxwell-Boltzmann (middle

curve), Fermi-Dirac (lower curve).

VI. IDEAL FERMI-GAS

A. General relations

Fermions are particles with a half-integer spin. For example electrons have spin s = 1/2.
Thus 1-particle states are A = {p,s.} with s, = —s,—s+ 1,...,s. For Fermions we have

obtained
Zg=1] %, (198)
where

Zy=1+ePle-n (199)
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This gives for the grand canonical potential

T, V,p) = —kpTIn Za(T,V,p) = —kpT > In[1 4 e ] (200)
A

We calculate first the average particle number (remember in the grand canonical ensemble
the chemical potential is fixed, whereas the number of particles is not). The calculation

gives an obvious result:

aQ 675(6/\7.“)
N)y=-5_ - T T he—n . 201
() oulrv ; 1 + e—Blex—n) ;<m> (201)
Here
1
() =nrlen) = Siemay - (202)

Thus we obtain the average number of particles as a function of the chemical potential
N(T,V,u). Even if the number of particles is given and, in principle, one should have
used the canonical ensemble, one usually performs a grand canonical calculation. Then one
inverts the function N(7,V, u) into u(7,V, N).

For the entropy we obtain

o2

S:_a_T

= —kg > _[(na) In(ny) + (1 = (na)) In(1 = (ny))] - (203)

v,
H A

We observe that the 3-d law of thermodynamics is fulfilled, i.e., S(T"— 0) — 0.
Out of all these quantities we can combine the internal energy. The result, obviously,

reads
U=Q+TS+puN=> enp(e) . (204)
A

For the pressure we obtain

0N Q
P=—— = ——= 205
ov T, Vv ( )
B. T =0, Fermi energy
For T'= 0 we have
1 1 fir ex<p
nr(ex) = o mTl O —ex) = 0 fir > g (206)
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Thus, (7T = 0) is the highest energy a particle can have. This energy is called the Fermi
energy e = u(T = 0). All states with energies below the Fermi energy are occupied. The

states with energies above ep are empty.

AT,V p) = —k:BTZIH [1+ 6_/6(6)‘_“)} = Z(e,\ — )0 — €y) (207)

N =Y npr(e)=>_ 0(u—e) (208)

N = Z@(,u —€y) = (2s+ 1)V/de v(e)O(u—e€) (209)

A
We have introduced the (orbital) density of states, i.e., number of states per volume and per

spin projection:

v(e) = 2$+ 25 (e —€n) _ 1 zp:é(e—ep) (210)

For periodic boundary conditions

2 2 2
wh wh wh nz) (211)

(pfupyvpz) = (Lx nmv L nya Lz

Y

Then
3 dpsdpydp-

Thus the integration measure reads

d®p
= de . 213
e~ v{e)de (213
This gives for €, = 2~
3/2.1/2
ey = 1€ (214)

V2r2h?
Assume the density of particles is given. What is the chemical potential /Fermi energy?

(2s+1) 4

N d3p
n=g = (2s + 1)/ @rhy s0(er —€p) = R 3TPE (215)
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Here the Fermi momentum pg is given by pr = /2mep.

2
WT=0) == 1 () (216

In typical metals ep ~ 10eV, which corresponds to the temperature Tr = er/kg ~ 10°K.
At usual temperatures we thus have T' < Tr. This regime is called "degenerate Fermi gas”.
The Fermi sphere is almost the same as at T'= 0. Only the occupation numbers around the

Fermi energy change (see Fig. 8).

nF(e)

FIG. 8: Occupation numbers in the regime of degenerate Fermi gas.

C. Degenerate Fermi gas, Sommerfeld expansion

We consider the degenerate regime, kgT < er. We calculate the gross canonical potential

Q(T, ‘/, ,u) = —kJBTll’l Zg(T, ‘/, [L) = —]{JBT Z In [1 -+ @_5(@\—#)} . (217)
A
Transforming to integration we get
Q(T,V, ) = —kgT(2s + 1)V / dev(e)ln [1 + e Plm] (218)

The integration runs from —oo as we define v(€) = 0 for € < €,,;,. Performing integration

by parts we obtain

oo

QT V,p)=—-2s+ 1)V / dea(€e)np(e) , (219)

where

ale) = / dev(er) (220)



Another integration by parts gives

QT,V,u) = —(2s+ 1)V 7(16 b(e)(—n'p(€)) , (221)
where h
b(e) = /e dera(er) (222)
A simple calculation gives h
_ange(d - 4kgT (:olsh2 - (223)

2kgT

In the degenerate regime this function is substantially non-zero only in the kg7 vicinity of

ng (E ) L
] kT =5 —
N\
K
\
\
+ \\1'
1 €
— an‘ //\\
o\
W €

FIG. 9: Function —9np(€)/0e.

the chemical potential (see Fig. 9). To proceed, we expand b(e) around € = p and substitute

the expansion into (221) . We obtain
1
ble) = blp) + a(m)(e = p) + 5 v()(e — p)* + ... (224)

QT,V,p) =—(2s+ 1)V {b(u) + %2 (kgT)*v(p) +...| . (225)

In the calculation we have used

o0

x? 2
de ——— = — . 226
/ “ cosh? z 6 (226)

—0o0
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We now turn to the particle number

o0 w2 dv(p)
N=—"| =(2s+1 — (kgT)? ] 22
ol = 5 DV fati) + T G 2 4 (227)
For a(u) we have
i N(T =0,V, )
- ) ’l’[’
) = [ dewwte) = S g (228)
Thus
2 d
N(T,V, 1) = N(T = 0,V, 1) + (25 + 1)v% (kpT)? % _ (229)
We divide by V' and obtain for the density
2 d
n(T, 1) = n(T = 0, j1) + (25 + 1)% (kpT)? Zl(:) . (230)

1. Chemical potential p(T)

Equation (230) assumes the gross canonical logic: the chemical potential is given, the
density depends on the temperature. If, instead, the density is given, we have to invert the
logic and find (7', n). For this, we write Eq. (230) as n(7, ) = n and try to find u. For
n(T =0, 1) we use Eq. (216), which we write here again

B[ 6nn \ ¢
T=0)=cp=—— . 231
wI=0)=er =57 (2s+1> (231)

We invert this equation in two different ways. First we obtain the density at T'= 0 as a

function of p (which is arbitrary):

(T =0, ) = 2511 <2m“>3 . (232)

672 K2

Second, we express the density n = n(T, p) via ep = u(T = 0), i.e.,

3
2s+1 (2mep\?2

We also use Eq. 214 for the density of states v(e) = %, which gives
m3? 1

dv(p) _ dv(e) _ 1
= \/872h3 Vi '

du de

(234)
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Substituting all this into (230) we obtain

3
b 2
po 25t <2mEF) —n(T =0,p) + (25 + 1)% (k)2 )

672 h? dpu

3
2s+1 (2m\2 | 55 w2 9

=— | —= — (kgT 235
o (5) [ S T (235)
Simplifying we get
2
2 32 4 T (T 4. (236)

€n- =l
F 8\//_,6
This equation can be inverted if we approximate p &~ e in the second term of the RHS (we

assume kpT' < €p, thus small correction):

7'('2 ]CBT 2
= 11— —= (| — 237
p [ S (B0) 4 (237)

The result is shown in Fig. 10.

FIG. 10: u(T) in Sommerfeld expansion. The function p(7") is shown for all temperatures, but,

thus far, we have obtained only the low temperature expansion (red box).

2. Entropy S(T) and heat capacitance Cy (T')

Next we consider the entropy. Using (225) we get

0N w2 ()

S(T,V,u) = 7 (2s+ 1)V kT . (238)

First, we observe again the validity of the 3-d law, namely S(7"— 0) — 0.
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Further, we can calculate the heat capacitance Cy =T (g—;’:)v n- One has to be careful
here as the partial derivative in the formula for CY, is taken with N = cosnt. and not with

1 = const.. Therefore the correct result reads

CV:T<8S>VN:T(aS(T’V’“(T’V’N))V’N . (239)

oT oT

The chemical potential is in reality a function of temperature 7" and density n = N/V. This

gives

5‘5(T,V,u>> (GS(TJ/,M)) <9M(T,V,N>>
Oy =T (222 pp (220 e ) . 240
v ( oT v o v oT - (240)

For the second term we can use the result (237). One can see that the second term oc T3,

thus, at low temperatures, the first term dominates and we obtain

2
T
Cv ~ Nkg % kel o9y . (241)

e€r
D. Pauli paramagnetism

To describe the ideal gas of electrons in a magnetic field we recall the Pauli Hamiltonian

<ﬁ_ %g>2 hgq

H= ~——B-G+q® 242
2m e O HAY (242)
where for electrons ¢ = —e (we use e > 0). Assuming ® = 0 (no electric field) we get
N2
(pred)
n- ) G 213
2m

where we have introduced the Bohr magneton pup = 2?3:' The magnetic field B=VxA
(p+22)
2m

influences the electrons in two ways. The coupling via the kinetic energy , called also
the orbital coupling, is responsible for the Lorentz force, modifying the trajectories of the
electrons and leading, finally, to the Landau levels and the diamagnetic response. The other
coupling, Zeeman term, uBé - ¢ acts on the spin and results in a paramagnetic response.
We consider here the effect of the Zeeman coupling only. Thus we (artificially) assume the
Hamiltonian to be

2

p =S
H=— B.-o. 244
2m+uB o (244)
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We choose, for simplicity, B = Be, and get the 1-particle states A = {p, o}, where 0 = 0, =

+1. The 1-particle energies are

2
€\ = €50 = €p + upBo = 2p_m + upBo . (245)

For the grand canonical potential we obtain

(T, V,p) = —ksT Y _ In [1+ e ]

A
= —kpT Y In[1+4 e Pt Bom] — g TN In [1+4 e HemmnBom] o (246)
P p

We can formally rewrite this as

AT, Vo) = Q(T, Vo — ppB) + Qo(T,V, u+ upB) | (247)
where
Qo(T,V,p) = —kpT Y _In [1 + e let)] (248)
P

is the grand canonical potential of ”spin-less” fermions (electrons) with energies e,. We have
already calculated 2y above. One just has to remove the spin degeneracy factor (2s+1). We
observe that, effectively, the electrons with spin up (¢ = +1) have the chemical potential
py = p — ppB and the electrons with spin down (0 = —1) have the chemical potential
pi— = p+ ppB. Thus Q(T,V, pn) = Qo(T, V. puy) + Qo(T,V, p-).

Let us calculate (out of curiosity) the derivative

s o 00(py) O (1)

- = = — N, —-—N_). 249
OBlryv B o TV o TV (N ) (249)

Here Ny ,_ is the average number of particles with spin up/down. Taking into account that
an electron has a magnetic moment —up (negative charge), we obtain the magnetisation (in
z-direction)

o0
M= —pp(Ny = Ny =~ . (250)

This relation is not accidental and will be discussed later in the context of the thermody-
namics of magnetic systems.
For a degenerate gas, kT < €ep it is easy to calculate

N, — N_

skiCg / dev(e) (e, is) — nple, )] = —2w(er)unB (251)
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Finally, for the magnetisation density we obtain % = x B, where x is the Pauli magnetic

susceptibility given by

X = 2upv(er) . (252)

At high temperatures it is possible to obtain

2
HBn
= 253
where n is the electron density.
VII. IDEAL BOSE-GAS
A. General relations
The partition function of an ideal Bose gas is given by
Za =12, (254)
A
where \ denote the 1-particle states. In the simplest case A = {p,s.}, s, = —s,—s +
1,...,5—1,s. The spin s is now integer, i.e., s = 0,1,2,.... The state A\ can be occupied
by an arbitrary number of particles, ny = 0,1,2,.... Thus we obtain
7, = f: e~ Blex—wny _ 1 (255)
A 1 — e Bleax—w) -~
T’L>\:0
The grand canonical potential reads
AT, V,p) = kT Za(T,V,p) = kgT Y In[1L— e Pam] (256)
A

For the average number of particles this gives

- > (na) (257)

Coplry

where the average occupation number of a state A is given by the Bose function

1
<n>\> = nB(E/\) = eﬁ(ﬁkfﬂ) 1 . (258)
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For the entropy we obtain

o0

5= %1

Vi

= —ks Y _ [(na) In(ny) = (1+ (n2)) In(1+ (ny))] - (259)
A
This allows calculating the inner energy as

U=Q+4+TS+ uN = Ze)\nB(e,\) . (260)
)

B. Bose-Einstein condensation

Unlike in the Fermi gas, the ground state of the Bose gas seem to be very simple: all the
particles are in the state with minimum energy. The spin degeneracy might make things a
bit more complicated, but we will not address this here.

It is convenient to introduce a quantity z = e’#, which is called fugacity. Consider once

again the thermodynamic potential
T, V,p) =kgT Yy In[1—e O] = kT In [l - ze ] (261)
A A
or the number of particles

1 z
N(T,V, 1) = ; g S ; e, (262)

Transforming these to integrals with the help of the density of states we obtain

QT,V, 1) = kgT (25 + 1)V / dev(e)ln [1— ze 7] | (263)
and
N = —g—i L= 25DV / de v(e)np(e) - (264)

For the density this gives

n =

N o0
v (2s+1) O/de v(e)ng(e) (265)

Assume we keep the temperature constant and increase the density. In order to accommodate

the higher density the occupation numbers ng(€) must grow. The only way to achieve this is
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to increase the chemical potential. But the chemical potential is limited from above by €py.
We assume, for simplicity, that e,;, = 0. We inspect, therefore, what happens at u = 0.

The question is whether the following integral converges or diverges

7 dev(e)nis(e, i = 0) = 7 ae 2 (266)

If it diverges, there is no problem to accommodate an arbitrary density by taking p — 0. If

this integral converges, there is a maximal density we can accommodate.

[e.o]

Nmax(T) = (25 + 1) /de egyfe_)l : (267)

0

What happens if we increase the density beyond this value? The problem is solved if
we reexamine the transition from the sum to the integral in the expressions for €2 and N
above. In any finite system the set of energies €, is discrete and starts at ey, = 0. We

denote the distance to the next energy state by Ae. For example in a cubic box of linear

size L and with €y, = p?/2m we have Ae = ﬁ (@)2 x L2 oc V~2/3. When we increase

in order to accommodate more and more particles, we can at some stage get into the regime

—p = |p| < Ae. Then, the first term in the sum N = ), which corresponds

1
eBlex—m 17
to €y = 0 becomes much larger that the other contributions. We are forced to treat it
separately. Thus we have

o0

AT, V,u) = kT (2s+ 1) In[l — 2|+ kT (2s + 1)V / dev(e)ln [1 — ze 7] (268)

o

and

o2

N=-2"
o lryv

=(25+1) 1i7z + (2s + 1)V/de v(e)ng(e) . (269)

The contribution treated separately

1
e P —1

No= (25 +1) — (2s+1) — (25+1) (270)

1—z2 271 -1

is just the number of particles in the state(s) with € = €y, = 0. For the density we obtain

N 25 +1
n:—:< s+1) =z

Vv \%4 1—2

+ (2s+1) /de vie)ng(e) , (271)
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which can be rewritten as

n ="My + Ne>0 - (272)
Here
(2s+1) =z
B S 273
o % 1—2z (273)

is the density of particles with € = €,;, = 0 whereas n.-( is the density of particles with
higher energies.

If the integral (266) converges, n..o has a maximum value at a given temperature, i.e.,
max [Ne=o] = Nmax(7"), which is reached at p — 0. If we increase the density further, the
rest of the particles must be accommodated in nyg, i.e., in the condensate. We obtain a finite

density of particles in the condensate
no(T) = n — npax(T) - (274)

This corresponds to a macroscopic occupation of the 1-particle ground state(s), i.e., Ny =
Vngox V.

Instead of increasing the density at a given 7', we can lower the temperature keeping the
density constant. Then, assuming (266) converges, Nmax(7") decreases with decreasing 7'
For high enough temperatures ny.,(7") > n and there is no need to have a finite condensate
density. At some critical temperature, which we denote T, one gets np.x(7.) = n. At
T < T. we are forced to have ng(T) = n — nmax(T") > 0. This is an example of a second

order phase transition with ny(7") being the order parameter.

1.  Non-relativistic bosons in 3D

For €y = p?/2m in 3D we have (see Eq. (214))

m3/2e1/2

1/2
= —\/§W2h3 = (e / . (275)

v(e)

We have introduced o = \/’gﬂ;ﬁﬁ to simplify the notations. Then

I €) a(2s+1) z1/?
Nmax(T) = (25 + 1) /de eﬁf(— 1= (53/2 /dm e yT32 (276)
0
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9”:/21 to simplify the notations.

et —

We have introduced another constant v = a/(2s + 1)k]3§/ 2 [ dx

This gives vTcg’/Q =n, i.e.,
T, = (n/7)** . (277)

For the order parameter below the critical temperature, T' < T, we obtain

n0(T) =1 — Mpax (T) = 7y (T3 = T%?) | (278)
o Tmax i
;T):1—#:1—(%> | (279)

This dependence is shown in Fig. 11

A ny/n

-
T

FIG. 11: Density of particles in condensate (divided by the total density) as a function of temper-

ature.

2. Chemical potential for T < T,, thermodynamic limit

From Eq. (273) one finds the fugacity as

1
= . 280
< 11 2;:01 (280)
For T' < T, the condensate density is finite, Vng = Ny > 1 and we get
25+ 1 25+ 1
~1-— — =1 N — . 281
: . B =tn(e) =~ (281)
We obtain
2s+1
=~ —kgT Ve (282)



In the thermodynamic limit ;1 — 0. We observe that |u| oc 1/V whereas the energy distance
to the first positive energy state (discussed above) was Ae oc V=23 Thus, we indeed reach
the limit |p| < Ae when V' — oo and we must separate the e = 0 contribution from the

integrals.

C. Black body radiation

We now consider a gas of photons in a cavity (Fig. 12). Such a cavity can be used as

dQ
Cavity /
0

FIG. 12: Cavity as a model of a black body.

a model of a black body, i.e, a body at temperature T' that absorbs all incoming light and
radiates light in turn. Inside the cavity the photons are in thermal equilibrium with the
walls, i.e., have temperature T'.

Photons are massless bosons (with spin 1). Since they are massless, only two spin states
(polarisations) are allowed. Thus, the 1-particle states are given by A = (k, o), where
k is the wave vector and ¢ = =+1 is the polarisation. The dispersion relation is linear
ex = chlk| = ¢|p|.

For summations over the 1-particle states of the type
> fle)=2v / de v(e) f(€) (283)
A

we obtain the density of states

4Ame?

ve) = (2mhe)3

(284)

The very special property of phonons is that their number is not conserved. Indeed they
can be freely emitted and absorbed. As we will see, this leads to a very important conclusion:

the chemical potential must be identically zero, u = 0. Unlike with massive particles this
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does not lead to the macroscopic occupation of the zero-energy state, because photons of
zero energy do not exist.

Justification for p = 0. We can argue similar to Eq. 127 and Eq. 143. The situation
is on one hand similar to the canonical, since only heat and not particles is exchanged with
the bath. On the other hand it is also grand canonical, since the number of particles in
the system is not fixed and we sum over all occupation numbers. We conclude that the

probability of a micro-state is given by
W, o e PP (285)

where n is characterised by the occupation numbers {n,}, E, = > nyey, and the number
of particles N,, = >, ny is not restricted. The contribution —pN,, in the exponent does not
appear, as particles are not taken from the bath. Thus, indeed, i = 0. Another important
detail: there are no particles with €, = 0. Every photon has to have some minimal energy.
Thus, no Bose-Einstein condensation despite pu = 0.

The grand canonical potential and the free energy are in this case the same since ) =

F — N and p = 0. We obtain

UT,V,u=0)=F(T,V)=—kgTIn Zg(T,V,u = 0) = kBTZln [1—ePa] . (286)
A

Transforming to integral we get

Q= 2Vk’BT/dw v(w)In [1 — e 7] (287)

0
Here v(w)dw = v(e)de, i.e., v(w) = hv(e — hw). Since v(w) o w? we can define x = fhw
and extract all the dimension-full factors. We immediately observe € oc T, The remaining

dimension-less integral reads

drz*In|l—e | = —— . 288
/ zz’In [1—e ] T (288)
0
Finally, we obtain
7T2 (k’BT)4
F=Q=-V— 289
45 (ch)? (289)
We calculate the entropy
oF F 472 (kgT)?
S=——| =-4==kV— 290
aT v T """ 45 (ch)? (290)



For the inner energy this gives
U=F+TS§=-3F. (291)

Finally, for the heat capacitance we get

oS 47? (kgT)?
=T—| = —_— . 292
Cv=T5r |, =V 35 (ch)? (292)
Finally, we can calculate the radiation pressure:
Q 7'('2 (]CBT)4
P=——=— 2
V. 45 (ch)? (293)

D. Planck formula

The average occupation number of a 1-photon state A is given by by the Bose function
with p =0, i.e.,

1

<nk,0> - eﬁhwk . 1 ) (294)

where wy = c|k|.
Next we calculate the number of photons in an interval of frequencies dw. This is given

by

Amk?dk
nedw = (N »)2V E;T)?’ = (Nk o) 2Vr(w) dw , (295)
where
4w’
v(w) = Gnc) (296)

Finally, the radiation energy in a frequency window dw pro unit of volume is given by
1
w(w, T)dw = v n,hwdw . (297)

We obtain the Planck formula (Max Planck, 1900), which gives the spectral density of

radiation energy (per unit frequency, per unit volume)

h w3
w23 ePfw — 1 -

w(w, T) = (298)
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See Fig. 13. This formula interpolates between Reyleigh-Jeans-Law at low frequencies hiw <
kgT

1 2
u(w, T) = % k’BTW s (299)
and Wien-Law at high frequencies hw > kgT

uw(w, T) = —— hw e P (300)

The maximum is achieved at hwma, ~ 2,822 kgT.

u(w,T)
2.5
2.0 Ts T3 >T >T
15 T
1.0 T,
0.5
2 4 6 8 10 w

FIG. 13: Planck’s spectral density of black body radiation.

VIII. THERMODYNAMICS OF MAGNETIC SYSTEMS

We recall the magnetic relations. The magnetic inductance is defined via B = rotA,

whereas the magnetic field is given by H = B — 47M. Here M is the magnetisation.

E.dD +H-dB
AUsaa = / dV( I ) . (301)
T

A work performed by a magnetic system reads

H.dB

SW = —dUpg = — / av . (302)
Assuming H is controlled, we have dH = 0 and dB = 47dM. Thus
(5W:—/dVH~dM. (303)
We will shorten this as
W =—-H-dM . (304)
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The first law of thermodynamics reads
dU =6Q —dW =TdS+H -dM . (305)

Thus for the inner energy the proper variables are S and M, i.e., U(S,M). The usual
Legendre transformation leads to free energy F' = U — T'S. We obtain

dF = dU — TdS — SdT = —SdT + H - dM . (306)

Since M is difficult to control, we prefer to control H. To do so one has to perform another

Legendre transformation leading to the free enthalpy: G = F' — H - M. We obtain
dG = —-SdT —M - dH . (307)
The proper variables of G are G(T',H) and

M = — (g—Ii)T . (308)

Usually the full field H is not controlled either. It is only the externally applied field
that is controlled. The other part of H, the so called demagnetising field (or the field
created by M) is not controlled. Here we neglect the demagnetising effects and approximate
H~ Hey = Bea.

The Hamiltonian of the magnetic systems usually contains the term —H - M. That is,
usually, H = Hy — H.,; - M, where Hy can be associated with the inner energy of the

system. Thus H corresponds to enthalpy rather than to inner energy. That’s why we have
G=—-kgThhZz, (309)

where Z has been calculated with the full Hamiltonian, Z = T'r [exp (—8H)].

A. Example: spin 1/2, Curie susceptibility

Consider spin-1/2 with Hamiltonian
H = ugBo, . (310)

There are two eigenstates with energies F,, = £ugB. The partition function reads

Z = Ze’BE" = BB 4 e7PrEB = 9 cosh /}235 : (311)
B
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The thermodynamic potential reads

B
G=—-kgTlnZ = —kgTIn {2 cosh ZiT] . (312)

For the magnetisation (in z-direction) we get
B
= 2| = tanh 222 (313)

Linearising for upB < kT we get M ~ x B, where the (Curie) susceptibility x reads

. 5

- _ 14
T (314)
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