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Aufgabe 1: (*) Gesamtdrehimpuls (2 Punkte)
Die Dirac Gleichung kann in folgender Form geschrieben werden

00 = H = (@ 5+ fm) .

Zeigen Sie, dass der Gesamtdrehimpuls J = L+ S mit dem Hamiltonian kommutiert, also
[H, J] = 0, wobei der Spin-Operator S gegeben ist durch

e Solution ~

We calculate first the commutators
[H, L] = eknmiadpl anpm] = —igkimadpm
and
[H, S*] = [a7p? 4+ Bm, S*] = ie’*alp,
where we used
[ad, §%] = icikla}
and
18, S*] = 0.

In total we obtain

[H,J*) = [H, L*| + [H, 5] = =i a/p™ +ic?Malpy = 0.
L y

Aufgabe 2: (*) Projektoren fiir Energie und Spin (1 +1+ 1+ 1 = 4 Punkte)

a) Berechnen Sie die Kommutatoren

[A+(p), X(s)],

wobei Ay(p) = i;;;:;m und X(s) = %ﬂ den Energie- bzw. Spinprojektor bezeichnet. s

ist der Spin-Vierervektor und p# der Viererimpuls.



https://ilias.studium.kit.edu/ilias.php?baseClass=ilrepositorygui&cmd=infoScreen&ref_id=2764125

Solution

We calculate the commutator

[As(p), S(s)) = F 222

2m
b) Zerlegen Sie s* in £p* 4+ ngt?, indem Sie s2 = —1 und s - p = 0 benutzen. Gegen welchen
Ausdruck strebt s* fiir |p'| — 007
~~ Solution
We consider first the condition s? = —1:

st = —1 = sust = €m” + 2€npo + n’gy
We use the second condition to obtain an expression of 1 as a function of &:

s-p=0=E&ptp, +npguo = Em® + npo
2
m
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Inserting this into the first equations leads to
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where we chose the positive solution for . In the limit 5] — oo we have p3 > m? and

c) Berechnen Sie AL X(s) fir |p| — oo.

~ Solution

() ()l e o

we can calculate

Lveb o

47 4m?2 " 4dm  4dm

4 dm  4m

-

From the previous part we know that in the limit |p| — co we obtain s* — p#/m. So

d) Zeigen Sie, dass fiir freie Elektron-Wellenfunktionen mit s* und p* gilt

ua(p, 8)up(p, 8) = (Mg (p))as(X(s))sp



wobei o und S hier Spinorindizes sind.

~~ Solution (nicer solution)

-

We have the following relations for the spin projector and the solutions of the Dirac
equation:

Y(s)u(p, s) = u(p, s),
E(s)u(p, _5) - 07

where u(p, s) and u(p, —s) are the solutions with spin up and spin. We can rewrite
this to

ul(p, 5)E1(s) = ul(p, s),

With the relations y#f = 494#40 and 'yg = 75 we find 2f(s) = 4°2(s)7? and obtain
the following relation

ul(p, $)7°7°1(5)7° = ul (p, 5)7°
— u(p, s)X(s) = u(p, s).

We consider

ua(p, s)up(p, 5) = (X(s)u(p, 5)), (u(p, 5)%(s)) 5 -

Next we add a zero in the brackets by adding the spinors with —s which in combination
of X(s) leads to zero:

ua(p, )up(p, 5) = (X(s)(u(p, 5) + u(p, =)o, (@, s) +ulp, —5))3%(s))

Now we can use the completeness relations of the spinors
Er:{s,fs}u(zx T)aﬂ(pa T)B = A+ (p)aﬁ-
Insert this in our expression leads to

ua(p; s)up(p, ) = (X(s)(u(p, ) + u(p, =)o ((@lp; s) +ulp, —5))%(s))

where we used in the last two steps that the commutator of ¥(s) and A vanishes (see
a and b) and the properties for projectors in general that P? = P.

\




~ Solution
We start with left hand side of the equation:

Now we can consider for example a spin along the z-axis s
we obtain
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For the right hand side we get
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Aufgabe 3: Gordon-Zerlegung
a) Zeigen Sie, dass gilt: y*4” = g — io"”, wobei o = L[y*,7"].

Solution

We show

14 - 174 v 1 174 v
g —iot =g + 5 [y =M

b) Gegeben seien die Impulsraum-Spinoren u(p;) und u(py), die die Dirac-Gleichungen
(p, — m)u(pi) = 0 bzw. H(pf)(pf —m) = 0 erfiillen. Zeigen Sie, dass gilt

_ _ pi +pg)t 10" (py —pi
wopna) = aoy)| PP TRy,
~ Solution
By using the relation of the first part we get
_ _ pi +pp)t | 0" (py —pi
oy utp) = alp) [ Lp 2 =)y
o (i +op)" 9" (s —pi)v Y0y — Di)w
= tlpy) [ 2m + 2m 2m u(pi)
= u(pg) v u(pi)-
N\




Aufgabe 4: Foldy-Wouthuysen Transformation
Wir betrachen die Dirac-Gleichung fiir ein Elektron im Wasserstoffatom und verwenden den

Ansatz
—iEt [P
=e .
o= ()

Daraus erhalten wir folgendes System von gekoppelten Differentialgleichungen

T<;‘<’) = [-m+ep+a- (5= ed) +mp] <;‘<’> =H<§>,

wobei T' = E — m die kinetische Energie ist. Zeigen Sie, dass nach der Foldy-Wouthuysen
Transformation mit der unitdren Matrix U

1 -2
U=U"=C8+ —a-5 mit C=1/1-2
2m 4m

die Diagonaleintrage fiir die obere Komponente ¢ aus dem Term
Ua - (ﬁ— eA’) Ut

nach der Entwicklung bis einschlieBlich O(p*/m?) geschrieben werden koénnen als

Ly (o Ne o oo (=] PP
% [a- (p—eA)o‘p—Fa-pa- (p—eA)} B
wobei wir e|@|, e|A| = O(52/m) annehmen.
/-Solution ~

We consider first the full expression

= = C
Ua - (ﬁf eA) Ut = %8a - (ﬁ— eA) + o= [ﬁo?- (ﬁ— eA) &-f+a-pa- (ﬁf eA) 5]

m

1 -
+ 5P (ﬁ—eA)&.ﬁ
The only terms that can contribute to the diagonal terms are even in @, so only the second
will contribute to the diagonal terms. Using the relation {o’, 5} = 0, we can write diagonal
terms as
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o |7 (P eA)a 54557 (7= eA)| ~ 577
by R R 4
where we have expanded up O(5*/m?).
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Aufgabe 5: (*) System von zwei identischen Teilchen (2 + 2 = 4 Punkte)
Betrachten Sie ein System von zwei identischen Teilchen mit (i) Spin 1/2 und (ii) Spin 1, die
jeweils ein von zwei Einteilchenzustdnden annehmen kénnen mit H |0) = —¢ |0) und H |1) =€ |1).
Vernachlassigen Sie dabei die Wechselwirkung zwischen den beiden Teilchen.

(a) Geben Sie die gemeinsamen Eigenvektoren der Operatoren S2 und S, an, wobei S der
Gesamtspinoperator ist.
Hinweis: Benutzen Sie dazu z.B. die tabellierten Clebsch-Gordan-Koeffizienten aus
https://pdg.1bl.gov/2018/reviews/rpp2018-rev-clebsch-gordan-coefs.pdf.

~ Solution ~

(i) The two spin-1/2 system (1/261/2) admits irreducible tensor representation (1®0),
i.e. spin triplet and singlet. For the spin triplet we have symmetric states

1,41 = 5, +3) 5 +3) = 1) 1)
10 = 5 (I3 43 3030 + 3 13 +3)) = 75 (1 W+ 1)
L-1) = 5.~ I3, —g) = I 10

For the spin singlet we have one anti-symmetric state

0.0 = 7= (154315 -5) ~ I35 13 +3)) = 75 (11 = Wiy

The coefficients in front of the |1) [1),[1) [4),[4) [T),])) |4) states can be read from
\Clebsch—Gordan table. )




~ Solution

-

(ii) The two spin-1 system (1 1) admits irreducible tensor representation (2® 1 ®0).
According to the Clebsch-Gordan table, we have the symmetric states for the spin
quituplet:

12,+2) = |1,4+1) |1, +1)

|2, +1) = (|1,+1>|1,0)+|1,o>|1,+1>)

12,0) = f'lﬂ \[|00|00 \f|1 1) [1,+1)
|27_1> = ﬁ (|170> ‘17 _1> + ‘1’_1> ‘17O>)
|2, -2) = |1,—-1)|1,-1)

- 5

and anti-symmetric states for spin triplet:

I1,+1) = 7(|1 ,+1)]1,0) — |1,0) |1, +1))
|1,0) = 7(|1 D)1, —1) — |1, —1) |1, +1))
|17_1>: (|170>|1)_1>_|17_1>|170>)

Sl -

and symmetric state for spin singlet:

10,0) = —— (|1, 4+1) [1,—1) — [1,0) [1,0) + |1, 1) [1, +1)) .

V3

Note that the kets on the left hand side denotes the states in tensor representation.

J

N

(b) Berechnen Sie die Energien und die Wellenfunktionen fiir alle moglichen Zustéande. Geben
Sie jeweils den Entartungsgrad an.



~ Solution ~

In total the system has three eigenenergies —2¢, 0 and 2¢ with the eigenfunctions

0), =10)10),

L (1) [0) + J0) 1))

(1) 10) = 10) 1))

|1>+ =

)=

S

2
1

S

2

and

2), =1 1),

where subscript indicates whether the wavefunction is symmetric (+) or anti-
symmetric (—).

(i) The two spin-1/2 system obeys fermionic statistics, hence its total wave functions
are anti-symmetric. So taking into account the spin we get the following total wave
functions

’O>+ |070>a |1>+‘0?0>7|1>— |178>a ‘2>+ |070>
Thus, the eigenenergies 4+2¢ are not degenerated and the eigenenergy 0 is 4 times
degenerated.
- J
~ Solution ~

(ii) The two spin-1 system obeys bosinic statistics, hence its total wave functions are
symmetric. Thus, we have the following total wave functions

’0>+’070>7‘0>+ ’270>7 |1>+‘O7O>7|1>+|270>7|1>—|175> |2>+|070>7|2>+|275>7
and the eigen energies +2¢ are 6 times degenerated and the eigen state 0 is 9 times
degenerated.

- J

Aufgabe 6: System von N nicht-wechselwirkenden identischen Bosonen

Betrachten Sie ein System aus N nicht-wechselwirkenden identischen Bosonen, bei dem das i-te
Niveau n;-fach besetzt sei. Die Ein-Teilchen-Zusténde seien gegeben durch |, is), wobei a bzw.
1o den Teilchen- bzw. Niveauindex bezeichnen. Driicken Sie den Zustandsvektor dieses Systems

unter Beriicksichtigung des Symmetrisierungspostulats durch die Produktzustande

aus und leiten Sie die Normierungskonstante her.



e Solution

Suppose we have the n;-fold (degenerate) occupations that ny +ng +---+ng = N, then we
have m,% possibilities to distribute the N bosons. Any distinct state can be described
as [1,41) ®(2,42) - - - |N,in). Then the wave function is

Ini!ng!. .. . ) .
wB: TZ‘1721>®‘2722>”"N7ZN>7

where the summation sums over all possible distinct permutations of the level indices

il,ig,.. 5 UIN.




Aufgabe 7: Lagrange Multiplikatoren
Finden Sie das Maximum und Minimum der Funktion f(z,y) = 2% + 2y — 2 in

L §' = {(a,9) € R a? g2 = 1);
2. Ky ={(z,y) e R?: 2% + ¢y < 1}.

Benutzen sie die Methode der Lagrange Multiplikatoren.

e Solution ~

Since S' and Ky are compact sets and f is continuous, it attains maximum and minimum
both in S* and in Ks.

1. The critical points of f(x,y) = 2 +2y? —x with the constraint g(z,y) = 22+y?>—~1 =0
are determined through the equations V f(x,y) = AVg(z,y) and g(z,y) =0, i.e. by

2r — 1 =2)\x
4y =2y
2 +y?—1=0

There are two cases: either y # 0, then A = 2 and we find the two critical points
Pi=(~1/2,~V3/2) and Py = (~1/2,V3/2);
or y = 0, and then the critical points are
P;=(—-1,0) and P;=(1,0)

(respectively for A = 3/2 and A\ = 1/2).
We observe that

F-1/2,V3/2) = J(-1/2,VB/2) = T, f(-1,0)=2, f(1,0)=0.

Hence f attains its maximum in the two critical points (—1/2,4+/3/2), its minimum
in the critical point (1,0).

2. The set K can be decomposed as the union of S and the set {(z,y) € R? : 2?2 +y? <
1}. Critical points in the open set {(z,y) € R?* : 2?2 + y? < 1} are character-
ized by Vf(z,y) = (2o — 1,4y) = 0. This equation is satisfied at (1/2,0). Since
f(1/2,0) = —1/4, we conclude that the maximum of f is attained on K in the
two points (—1/2,4+/3/2), lying on the boundary of K (hence max(, ek f(T,y) =
f(=1/2,44/3/2) = 9/4). The minimum of f, on the other hand, is attained in the
point (1/2,0), in the interior of K (hence, min, ,)ex f(7,y) = f(1/2,0) = —1/4).

\ /
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