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Aufgabe 1: Operatoren in der Quantenmechanik (10 P)

(a) Der Kommutator fiir zwei lineare Operatoren A und B ist definiert durch
[A,B] .= AB — BA

Zeigen Sie die folgende Eigenschaften des Kommutators, wenn A, B, C' lineare Operatoren und
A € R sind:
e Antisymmetrie: [A, B] = —[B, 4]
Linearitat: [AA + B,C] = \[A,C] + [B, (]
Prodktregel: [A, BC] = [A, B|C + B[A, C]
Jacobi-Indentitét:

[A,[B,C]] + [B,[C,A]] + [C.[A,B]] =0

(b) In der Quantenmechanik werden die physikalischen Observablen als Operatoren identifiziert.
Die Ortskoordinaten und Impulse von Teilchen werden nun durch den Ortsoperator X bzw.
Impulseoperator P dargestellt, die auf die Wellenfunktion ¢ (x,t) wirken. Dies ist eine Eigen-
wertgleichung:

Xﬂb(m,t) = xiw(mﬂt)
Pﬂﬁ(%t) =Pz‘¢(93775)

wobei z;, p; € R den gemessen Orten bzw. Impulsen entspricht. In der Ortsraumdarstellung gilt:
0

)

(i) Zeigen Sie in dieser Darstellung die kanonischen Vertauschungsrealtionen
(X, P (x, t) = ihdse) (e, t)
(ii) Der Hamilton Operator fiir ein freies Teilchen lautet H = Y, P?/2m. Zeigen Sie

[Xi7H]¢(:th) = %Pkw(mﬂt)
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Solution to Aufgabe 1:

In quantum mechanics, observables (real values that one can obtain by performing measurements on a
quantum system) are mathematically described by linear operators of a Hilbert space.

Why Hilbert spaces?

Physical states of a system are described as vectors in a Hilbert space. |¢) € H and Hilbert spaces are
complete (vollstdndige), thus have a complete basis (a set of linearly independent basis vectors) so a basis
representation is possible. Hilbert spaces also have a natural definition of the scalar product and hence
normalization - extremely important concepts of quantum mechanics.

Consider the equation:

X |[Y) = 2 [)

This is an eigenvalue equation, with X being the operator, |¢)) the physical state of the system, and x; € R
being the eigenvalue of the operator.
So, measurements in QM correspond to determination of the eigenvalue of the corresponding operator.

(a) Commutator of two operators:
[A,B] = AB — BA
For linear operators, the commutator is generally not vanishing: [A, B] # 0.
To so the properties of the commutator:
e Anti-symmetry:
[A,B] = AB— BA=—(BA—- AB) = —[B, 4]
e Bi-linearity:

[AM + B,C] = (AA+ B)C — C(AA + B)
= MC + BC — C)\A—CB
= MAC — CA)+ BC - CB
= M4, C] +[B,C]

e Product rule:

[A, BC] = ABC — BCA
— ABC — BCA + BAC — BAC
= ABC — BAC + BAC — BCA
= (AB — BA)C + B(AC — CA)
= [A, B|C + BJA,C]

e Jacobi identity (defines the Lie-algebra):

[4,[B,C]] =[A,BC — CB]
= [A,BC] — [A,CB]
= [A, B]C + B[A,C] — [A,C]B — C[A, B]

Expanding the other two terms: [B, [C, A]] and [C, [A, B]], and adding all 12 terms together
we see that they all cancel, leading to 0, i.e. the Jacobi identity



(b)

Position representation of X, P:
X:L? =R, Xy(z)=zip(z)
where:

e [L? is a square-integrable function

e (x,t) is the wavefunction

e |¢(x,t)]? is the probability density

o [y dz|¢(z,t)|* = 1 normalization condition

o Momentum operator P= —ih%

Bra-ket notation:

|Y) € H « ket
(Y| € H* + bra

where the bra lives in the dual Hilbert space.

The wavefunction (z) is given by:

P(x) = (z])
i.e. a projection into the position space.

We have the following:
(@ X 9) = (2|2 [¢) = @i (zle)) = 2(2)
. 0 0
(al P} = =i (al) = i _(2)

What is the commutator of X and P?

LA ) 0 0
[Xi, P]]@Z)(l‘, t) = —lh(l‘igj - T%xl)qb(xvﬂ
) 0 0
= —lh(ﬂcz‘aﬁ%lﬁ(% b)) — o, [ziv(z,1)])
— —ihlz. 9 t) 9 t
= —1 (.’Elaix] [ mw z, +xlax]w(l‘a )])
= ihcsiﬂ[}(l’,t) Vi(x,t) € L?

= [X“PJ] = ihéij

This relation is known as the canonical commutation relation (kanonische Vertauschungsrela-
tion).

Consider the Hamilton operator:

with the eigenvalue equation (also known as the stationary or time-independent Schrédinger
equation):

Hip(z) = Ey()



We have the following:

Aufgabe 2: Gaufisches Wellenpaket (10 P)
Gegeben sei ein Wellenpaket fiir ein freies Teilchen mit der Impulsverteilung

Ja

g(k) = W

a2k2>

exp(— 4

Wir betrachten ein Wellenpaket aus ebenen Wellen mit genau dieser Verteilung:
Pz, t) = L /OO dkg(k)ei(kx_w’“t)
’ V21 J o

mit der Dispersionrelation wy = hk?/2m.

(a) (4 P) Zunéichst diskutieren wir den Zeitpunkt ¢ = 0. Zeigen Sie, dass 1(z,0) auch eine Gauf}-
Funktion ist und bestimmen Sie die Breite der Wahrscheinlichkeitsdichte, |1|2. Wie hingt diese
von a ab?

(b) (3 P) Die Standard-Abweichung einer Observablen O ist definiert durch:
AO = 1/(0?) — (0)?

wobei der Erwartungswert definiert ist durch

o=/ " dey (2, )0 (1)

—o0
Zeigen Sie fir ¢t = 0, dass ¢(t = 0) ein Zustand minimaler Unschérfe ist, sodass folgendes gilt:

AzAp = h/2

(c) (3 P) Bestimmen Sie nun (x,t) fiir beliebige Zeiten ¢ und diskutieren Sie das Verhalten der
Wahrscheinlichkeitsdichte mit der Zeit. Ist es immernoch ein Zustand minimaler Unschérfe?

Aufgabe 2: Gaussian Wavepacket



Initially, as you saw in lectures, we described a free particle as a wave, and the physical state as being
a overlap of many plane waves. The problem is that the plane wave solution is not normalizable, thus the
wavefunction, or more appropriately the squared wavefunction, cannot be physical.

Momentum distribution is a Gaussian distribution:

_ \/a —a%k?/4
g(k) - (271')1/4 €

Wave packet:

This is a Fourier transform of the plane wave. Fourier transforms connect the position-space-representation

and the momentum-space-representations.
For ¢t = 0, we have that ¢(x,t = 0) is a state with the minimal uncertainty:

Az -Ap=nh/2

We will take as a given that

/ dge=2/a* = a\/m

o

Note: to show this, simply square the integral, using y as the label for the integration variable, and use
polar coordinates (correctly changing the limits of integration while you do so).

For t =0:
t = 0 —a2k2/4+ikx
w(w) W \/ﬂ 27T 1/4
Let the exponential’s argument be E:
E =ad’k?/4 — ikzx
2ix 2 i\ 2
2 2
= (a/2) [ — dikz/a® +( ) |—a (E)

= (a/2)2 [k: — iﬁ} + (x/a)
E = (a/2)*u® + (z/a)?

Thus:

S

P(x) = (2;/);/4 exp (— z?/a?) | dkexp { - (%)2112]

J
— e (—ad) [ duesp [~ (5)"]

So overall we have:

i.e. 1(x) is a Gaussian with width 1/a, and g(k) a Gaussian with width a.



Calculating the Uncertainty:
A0 =1/(0?) - (0)
where O = / dzyp* () Oy (x)
R

Thus, the expectation value of the position operator:
() = [ dov* (@)X v(o)
- [ @ev @ave

where we have used X(z) = 1) (z).
Inserting the wavepacket we have above:

~ x2
(%) = ()" [ wesn(—2) =0

ma?

where we’ve used the fact that x is an antisymmetric function and the exponential term is symmetric, thus
integrating over all x will yield 0.
Now the variance:

@%—/MW@WWm
= (2" [ et-2)

Ta2
=a?/4
= AX = /(X2 — (X) = q/2

Repeating the same analysis for the momentum operator:

(P) = (ihdy)

—ih | daw*(2)d,
zéxwu>w@

2 2 222
:ih(W)l/Q/Rdx(_af) exp(—a—i) =0

where we have used the symmtery and antisymmetry argument to evaluate it, as before.
For the variance:

<P%=—#/dMﬂmﬁmw

2
1/2

dz exp(— 2[exp(—z—2)}

7ra2

J
— 1/Q/dmexp x[(——

7TCL
2 2 42 2

= _hz(mﬂ) 1/2 /dxexp(—f;) [( 3 + TZ)} exp(—%)

=2 ( 2" [ar[(- 542 emt-2)

ma? a



First term is just a Gaussian integral, and the second is an z? Gaussian integral, leading to the final
expression of:

(P = R2/a?
= AP =h/a

So overall, the uncertainty relationship for ¢t = 0 is:

AXAP =h/2
For arbitrary times:
P(x,t) = (2\/)63/4 / dk exp [— fraca®k*4 + ikx — iwt}
m R
W o iRt EE
= SEL /de:exp [— (a +2E)Z +1k::1c]

where we have used the dispersion relation for w:

w = h*k?*/2m
Defining;:
iht
a® + 21— =«
m
leads to:

Wa,t) = (27\T/)E;/4/deexp[—alf+ikx}

which is analogous to a Gaussian of the form

Va, 2 i z’
o Ga2) e (=52
Rearranging the wavefunction:
242 1/4 1 x?
Y(x,t) = (— exp [— 7}
( & ) (a2 + 2iht/m) 1/2 a® + 2iht/m

Notice that the width of the distribution is dependent on time!
The probability density is then given by:

o (2 \172 1 B 2a°
WI* = (’7‘(‘&2) (1+ 4h2t2/(m2a4))1/2 exp ( a?(1+ 4h2t2/(m2a4)))

Remember: ¢(z,t) is not an observable!!! |1)(x,t)|? - the probability density is measurable.
Width of the probability density || - begin by defining:

4h?
B=a\/1+ m2a4t2




You can go through exactly the same calculations we did before for the expectation values of the position
and momentum operators:

. B2
X% ==
(%) =5
. h252
pP?) =
(P7) e
(X) = (P)=0
So overall, the Uncertainty Relation is given by:
s o~ h 4h? 12 _h
AXAP = (1 e > =
2( + m2a* )2 2

where we have used the fact that the second term in square brackets is always greater than or equal to 0.



