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Aufgabe 1: Gaufisches Wellenpaket (10 P)
Gegeben sei ein Wellenpaket fiir ein freies Teilchen mit der Impulsverteilung

g(k) = (2;/)?/4 exp ( = a24k2>

Wir betrachten ein Wellenpaket aus ebenen Wellen mit genau dieser Verteilung:
L[~ (ko —wr)
x,t) = dkg(k)e'\"r vk
v = g /_OO 9(k)

mit der Dispersionrelation wy = hk?/2m.

(a) (4 P) Zunéchst diskutieren wir den Zeitpunkt ¢ = 0. Zeigen Sie, dass ¢(x,0) auch eine Gaufl-
Funktion ist und bestimmen Sie die Breite der Wahrscheinlichkeitsdichte, |1/|2. Wie hingt diese
von a ab?

(b) (3 P) Die Standard-Abweichung einer Observablen O ist definiert durch:

AO = /(02) — (0)?

wobei der Erwartungswert definiert ist durch

(0) (1) = / " dad (2, ) 0u (e, 1)

— 0o
Zeigen Sie fir t = 0, dass 1(t = 0) ein Zustand minimaler Unschéarfe ist, sodass folgendes gilt:

AzAp = h/2

(¢) (3 P) Bestimmen Sie nun (z,t) fiir beliebige Zeiten ¢ und diskutieren Sie das Verhalten der
Wahrscheinlichkeitsdichte mit der Zeit. Ist es immernoch ein Zustand minimaler Unschérfe?

Solution to Aufgabe 1

Initially, as you saw in lectures, we described a free particle as a wave, and the physical state as being
a overlap of many plane waves. The problem is that the plane wave solution is not normalizable, thus the
wavefunction, or more appropriately the squared wavefunction, cannot be physical.



Momentum distribution is a Gaussian distribution:

_ \/a —a%k?/4
g(k;) - (27’1’)1/4 €

Wave packet:

blat) = o= [ drgiyeltien

This is a Fourier transform of the plane wave. Fourier transforms connect the position-space-representation
and the momentum-space-representations.
For ¢t = 0, we have that ¢(z,t = 0) is a state with the minimal uncertainty:

Az - Ap=h/2

We will take as a given that

o0 2 2
/ doe /% = a/7
oo
Note: to show this, simply square the integral, using y as the label for the integration variable, and use
polar coordinates (correctly changing the limits of integration while you do so).

Fort =0:

1 \/& _a2k2? .
=y(a,t=0)= —— [ dk a*k"/Atike
wiw) = vlet =0 = —= [ bVl
Let the exponential’s argument be E':
FE =ad’k?/4 — ikzx
2ix

= (a/2)?[k* — dikz/a® + (ﬁf] — a2(.—

= (a/2)%[k - ii—fﬁ + (z/a)?
E = (a/2)*u® + (z/a)?

Thus:
U(a) = (27\32/4 oxp (- ?/a®) /kdk‘exp [_ (%)%2}
- (27\{)&3/4 exp (— 2% /a?) /Rduexp [_ (%)2uz]
So overall we have:
o= (e (-

i.e. 1(x) is a Gaussian with width 1/a, and g(k) a Gaussian with width a.
Calculating the Uncertainty:

AO =1/(02) — (0)?

where O = /Rdaﬂ/}*(@(’)d)(ar)



Thus, the expectation value of the position operator:
() = [ dow @) X0
- [ dov@)oito)

where we have used Xt(z) = z1)(z).
Inserting the wavepacket we have above:

()= ()" [ wen(25) =0

ma?

where we’ve used the fact that x is an antisymmetric function and the exponential term is symmetric, thus
integrating over all x will yield 0.
Now the variance:

(X?) = /R Ao () (x)
1’2
= ()" [ o= )

a2
=a?/4
= AX =\/(X2) - (X) = /2

Repeating the same analysis for the momentum operator:

(P) = (ihd,)

— i /R At (2) D, ()
2 2 272
= ih(mﬂ)l/z/Rd:U( - a—f) exp(—a—g) =0

where we have used the symmtery and antisymmetry argument to evaluate it, as before.
For the variance:

P2\ 22 20 ()20 (x
(P?) = h/Rdw)axwm

2 1/2 1‘2 a:2
= _hz(@) /Rdasexp(—cﬁ)ag[exp(—cﬁ)]

2 \1/2 z? 2x z?

2 1/2 1‘2 2 4.732 332
= ()" [ dre- (- 5+ o) e 1)

= 22" [a](- 5+ 2 em-2)

a?

First term is just a Gaussian integral, and the second is an z? Gaussian integral, leading to the final
expression of:

(P) = 1 a?
= AP =h/a



So overall, the uncertainty relationship for ¢t = 0 is:
AXAP =1/2

For arbitrary times:

Y(x,t) = (2\/)63/4 / dk exp {— fraca’k*4 + ikx — iwt]
T R

int, k% .
= SEL /de:exp {— (a2 + 2E)Z +1k::c}

where we have used the dispersion relation for w:

w = h2k?/2m
Defining;:
iht
a’ + 21— =«
m
leads to:

v(x,t) = (2;/)63/4/de:exp[alf+ik:x]

which is analogous to a Gaussian of the form

Va, 2 i z’
o Gat) e (=52
Rearranging the wavefunction:
2a2 1/4 1 2
1) = (— e [,7_
v =) (a2 + 2iht/m)""” LT @2t /m

Notice that the width of the distribution is dependent on time!
The probability density is then given by:

1)1/2 1 212

W= G e ) 2 (= v mee )

Remember: 9(z,t) is not an observable!!! |)(x,t)|? - the probability density is measurable.
Width of the probability density || - begin by defining:

4h2
B=a\/1+ m2a4t2

You can go through exactly the same calculations we did before for the expectation values of the position

and momentum operators:

. 52
(X% =7
(X) = (P)=0



So overall, the Uncertainty Relation is given by:

2
AXAP = g(1+ Ay B

m2at

where we have used the fact that the second term in square brackets is always greater than or equal to 0.

Aufgabe 2: Unendlicher Potentialtopf (10 P)
Betrachten Sie ein Teilchen im folgenden eindimensionalen Potential

Viz) = {0, x € [—a/2,a/2]

00, sonst

wobei a die Breite des Potentialtopfes parametrisiert. Losen Sie die stationdre Schrodingergleichung fiir
E>0

[~

 2mda?

+V(@)] v (@) = By ()
Eine allgemeine Losung der Wellengleichung ist gegeben durch
w(l') — aeikw + Be—ikm

wobei die Paramete «, 8 durch die Randbedingungen bestimmt werden kénnen. Uberlegen Sie sich dazu
wie die Wellenfunktion auflerhalb des Topfes aussehen und welche weitere Eigenschaften die Wellenfunktion
erfiillen muss.

(a) Bestimmen Sie die Energieeigenwerte und die Wellenfunktionen und zeigen Sie dass die Energie
quantisiert ist.

(b) Was passiert fiir Energien £ < 07

Solution to Aufgabe 2:
Infinite potential well described by the following potential:

Viw) = {o, x € [~a/2,a/2

00, sonst

A sketch of the system:

Region 1 Regipn 11 Region 111

—a/2 a/2
(a) We begin by considering the positive energy case E > 0.
Recipe for potential problems:

1. Begin by dividing the problem into physical and unphysical areas. Here regions 1 and 3 are unphysical
due to their infinite potential energies, while region 2 is the allowed space.



2. Ansatze for the different areas:

Yr(z) = Y(z) =0 Voel IIl
Urr(z) = ael*® + pe~ike

Region II is the physically allowed region, so we use the ansatz of plane waves, and there are two
degrees of freedom.

3. Determining the energies:

We use the Schrodinger equation:

hQ
|- 3= 02+ V(@)|v(@) = Bb(a)
& SY(z) =0

. K2
where S = —— 02+ V(z) — E
2m

Applying this operator S to the wavefunction in region II:
S"Lﬂ] I (.T) =0
hQ

= —%((ik)Qozeim + (—ik:)Qﬁefikx) +0—E¢rI(z) =0
2

h
= (- S (ik)? E)i(z) =0 Vo R
_ 2mE

2
=k 2

V z € Region II

k would become imaginary for £ < 0!

4. Determination of the free parameters by using the boundary conditions/constraints.

Things we know about the wavefunction

e ¢(x) is continuous.
e () is differentiable.
e [dx|y)(z)]* =1 - conservation of unit probability.

(i) Using the first quality (continuity):
bi(e = —a/2) = bri(x = ~a/2)
o 0= aefika/Z + 5611«1/2 o (1)

Similarly on the other side:

Yrr(z = a/2) = Yrrr(e = a/2)
o 0= aeika/2 + Befika/Q - (2)

Rewriting (1) and (2) and subtracting:

a+ Be* =0
o+ Be R =
- B(eika _ e—ika) -0



So we could have the solutions § = 0, but then a = 0, i.e. the wavefunction is trivially 0
everywhere. The other solution is that:

2ifsin(ka) =0
= ka=nmw, nez

and using k = /2m£FE/h, the energy levels are given by:

242
mhe

= —n n e 7z
" 29ma?

i.e. we have quantized energy levels! What do the energy levels look like?
The question now is: what is a? Adding (1) and (2):

a=-—0
- ¢II(55) — a(eikz _ 6—ik:x)
= 2iasin kx

= asin (nmz/a)

where the @& is still a free parameter.

(i) Now we can use the normalization condition:

a/2
/ defy? = / RECTCL

a/2
= / |a|? sin? kx

—a/2
_|~2(@  sinka

The second term on the last line will always be zero (ka = nm = sin ka = 0), so we finally have:
1=la)s
2
=a=1+/2/a

Thus, overall, we have a wavefunction that looks like:

0, rxel
P(x) =< \/2/asinkx, xell
0, xelll
with energy levels given by:
mh?
En = omaz

i.e. we have quantized energies of standing waves.

(b) For the case of negative energy E < 0, the negative energy solutions are unphysical and there are no
such particles that can exist.

N.B. The eigenvalues, i.e. the energies E,, of the potential well should be the same regardless of the choice
of coordinates, but note that ¥ (x) does change. This is because the translation introduces a phase-shift,
which is not observable (upon taking the mod-square of the wavefunction, it yields unity).



